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KEY WORDS

We study the notion of a common cause in quantum logics as a type of causal relations (see * orthomodular lattice,

[13]). We review maps like conditional state, s-map as basic tools of our constructions. Finally, * s-map,

we show some properties of such notions in quantum logics.

INTRODUCTION

Probability measure theory is the basis of many constructions in
quantum structures. It can be understood as a mathematical model
for the intuitive notion of wuncertainty [6]. Without probability
measure theory all the stochastic models in physics, biology and
economics either would not have been developed or would not
be rigorous. The modern period of probability measure theory
is connected to the names such as S.N. Bernstein (1880-1968),
E. Borel (1871-1956) and A.N. Kolmogorov (1903-1987).

Moreover, in Physics, a probability space cannot solve the problem
of incompatible elements which appears in the Von Neumann model
(1932). For that reason, researchers, for example (Von Neumann)
looked for new techniques that could explain the situation where
the elements are either compatible or incompatible. In connection
with classical concept of probability measure theory trying to solve
problems of incompatible random events, many researchers such

* conditional state,
e common cause.

as [1,10,11] have introduced equivalent approaches. One of these
approaches is called the orthomodular lattice (OML). Many variant
maps have been defined on an orthomodular lattice to solve different
types of quantum structure problems.

One of the basic multivariate functions that has been proposed in
quantum logic is a function called s-map, which was introduced
by Olga Nanasiova in 2003. This function plays a main role in our
constructions.

1. BASIC NOTIONS

In this part, we review basic definitions, properties and propositions
that we will need to build our constructions. These concepts have
been studied in detail [1, 3, 12, 17]. We suppose that the triple (Q2, F,
P) is a probability space [6]. The elements of ¢ -algebra F are called
random events. It is a well-known fact that V 4, B € F, 4 = (AnB)v
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(ANBC). This property means that all random events are
simultaneously measurable in a probability space. In this case, we
say that 4 and B are compatible. Events 4, B € F are called
independent, if P = (4ANB) = P(4)P(B). It is obvious that 4 and B are
independent if and only if the conditional probability P(B | A)=B).
Definition 1. 1 Let (QQ, F, P) be a probability space. Then C € F is
a common cause to 4, B € F if the following conditions hold:

(1) P(ANB[C)=P(A|C)P(B|C);

(2) P(ANB|C)=P(4|C)PB|C);

(3) P(4|C)> P(4]C);

4) P(B|C)> P(B|C").

Now, we can introduce the definitions and basic properties of
orthomodular lattice and state. These notions have been studied in
detail [1, 12, 17].

Definition 1. 2 Let L be a lattice with the greatest element 1, the
smallest element 0; and partial ordering <, endowed with a unary
operation L : L — L, such that the following conditions hold:

() (@) =a;

(2) a < b implies b™ <a™;

B3)ava=1,;

(4) a < b impliesb=av (a" Ab).

Then the system £ = (L,0,,1,,v,A, 1) is said to be an orthomodular
lattice.

Condition (4) is called the orthomodular law. If the set L is closed
under countable lattice operations, then ¢ is called an orthomodular
c-lattice.

Let a, b € L. We say that a, b are orthogonal (a L b), if a < b*.
We say that a, b are compatible (¢ <> b) if there exist mutually
orthogonal elements a,,b, ¢ € L such thata = a;,v cand b = b, v
c. This means that @ <> b if and only if @ = (¢ A b) v (a A b*) and
b=(a A b)v (a" Ab).

It is a well-known fact that @ = (a A b) v (a A b') for each a, b € L.
If, for each a, b € L, a <> b, then ¢ is a Boolean algebra [11, 16].
Definition 1. 3 Let / be an orthomodular lattice. A state on / is
amap m : L — [0,1] with the following properties:

M md)=1

2) m(vi_a)= Z::lm(a,.), for any a,,...,a, € L such that a, L a;
wheneveri # j.

Note that the state m is anotion corresponding to the notion of
probability measure, and it is clear that m(0, ) = 0. An orthomodular
o — lattice L with a ¢ — additive state m is called a quantum logic
[12,17]. It has been shown that there exist orthomodular lattices that
admit no state [11, 2].

The notion of a conditional state in quantum logic was introduced
by Nanasiova [7] and it is based on the definition of conditional
probability in probability space, which was introduced in [16].

Definition 1. 4 Let ¢ be aquantum logic and L, = L—1{0,}.
A conditionalstate (o-conditional state)isa function f : L x Ly —[0,1]
that satisfies the following conditions:

(1) foreachae L, f(.|a) is a state on L;

(2) foreachaeL,, f(ala)=1;

(3) ifa €Ly, whereneJcNanda, La;forijeJi#jandv, a, €L,

ne “'n

then for eachb e L f(b|v,_;a,)= Zf(an IVia)f(bla,).

neJ
Remark 1. 1 Let (Q, F, P) be a probability space. Then for all 4, B
€ F such that, P(4) > 0,P(B) > 0, the following Bayesian property
is true. P(A)P(B| A) = P(B)P(A|B), but this in general is not true
in quantum logic.
In the following, we introduce the definition of multivariate maps
in quantum logic and their basic properties [7]. We start with
a definition of an n-dimensional s-map:

Definition 1.5 Let/ be a quantum logic. A function p: L" —[0,1] is

called an n-dimensional s-map if the following conditions hold:

1. p(,...I)=1;

2. If there exists 7, such thata, L a

3. Ifa, Lb,, then
p(a,,....a;vb,...,a,)= p(a,..a,...a,)+ pa,..b,...a,).

In particular, for » = 2, we can see that the conditions of the

then p(ay,...q;,a,,,,...,a,) =0,

i+12

definition of an n-dimensional s-map are the following:
= p(,1)=1;
* Ifa lb, then p(a,b)=0;
= Ifa lb,then foranycel,

plavb,c)= p(a,c)+ p(b,c);

p(c,av b)= p(c,a)+ p(c,b).
Let W, be the set of all n-dimensional s-maps (n = 1,2,...). It is
clear that for p € W] is a state on L. In fact, an s-map p is a notion
corresponding to the measure of an intersection. Let L be a quantum
logic, peW,. If a <> b, then p(a,b) = p(b,a). Moreover, if a <>
b, then p(a,b) = p(a Ab,a Ab). We say that a and b have a causal
relation if p(a,b) # p(b,a).

2. INDEPENDENCE IN QUANTUM LOGIC

The theory of independence of random variables is one of the main
concepts of a probability space. It is very important, for example,
in the definition of conditional probability, Bayesian relations, etc.
Also, the independence of elements in quantum logic is as important
as in a probability space and is more general because it can be used
to describe a type of causal relations. We will focus on an approach
concerning the independence of elements in quantum logic using an
s-map (see [8]).

Definition 2.1 Let / be a quantum logic and f'be a conditional state.
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Leth € L,a, c € Lysuch that f(c|a)=1. Then a,b are independent
with respect to the state f(.|c) with notation (b~, a) [c] if and
only if f(b|c)= f(b|a).

Proposition 2.1 Let ¢ be a quantum logic, L, = L — {O} and let f be
a conditional state. Then there exists an s-map p,: > —[0,1] that
satisfies.

p,(a,b)= f(a,b)f(a,1).

Proposition 2. 2 Let 4 be a quantum logic, p e W,
Let L, ={b € L; p(b,b) > 0} . Then

fo(alb)= pab) is a conditional state.
p(b,b)

3. COMMON CAUSES IN QUANTUM LOGICS

In 1956 Reichenbach based the concept of common cause and in
1997 Redie introduced a definition of common cause in probability
space as a type of causal relations.

3. 1 Interpretation of positively correlated elements in
quantum logic

In this part, we review the classical definition of positively
correlated events in a probability space (see[13, 14]). We interpret
such a notion in quantum logic.

Now let us denote R(a,b) = p(a,b) — p(a,a) p(b,b) Va,b e L, where
PEW,.

Definition 3. 1. 1 Let ¢ be a quantum logic and let p e W,.
Elements a, b € L are called positively correlated if

R(a,b) = pla,b) - p(a,a)p(b,b)> 0.

If R(a,b) <0, then a, b are called negatively correlated.

Lemma 3. 1. 1 Let / be aquantum logic, peW,. Then the
following relations are true
R(a,b)=R(a*,b")=-R(a,b*)=-R(a",b), Va,belL.
Proof. Let a, b € L and p €W,. Then p(a,b™) = p(a,a) - p(a,b).
Hence
R(a,b")= p(a,a) - p(a,b) - p(a,a)p(b”,b") =
= p(a,a)(1- p(b*,b")) - p(a,b)

R(a,b*) = p(a,a)p(b,b)— p(a,b) =—R(a,b). (E.Q.D)

Lemma 3.1.2 Let/ be a quantum logic, p e W, Leta, b € L. Then
R(a, b) has the following properties:
(1) a~, b [1,] if and only if R(a, b) =0

(2) R(a,a)= p(a,a)p(a*,a*);
3) R(a,a)= —R(a,a);

-11
4) R(a,b)e[ 2 ,4} fora, b e L
(5) R(1;,1,)=R(0,,0,)=R(1,.,0,)=R(0,,1,)=0;

(6) Ifa L b, then R(a,b) <0,

(7) If a <> b, then R(a,b) = R(b,a).

Proof. It is enough to show the proof of property number (4)
because proofs of the 0t{1er properties are straightforwardy. We
firstly show that R(a,b) < e

Leta, b € L and min{p(a,a),p(b,b)}= p(a,a). Then

R(d,b) = p(aab) - p(a’a)p(b5b) < p(aaa) - p(a’a)p(bab)

Hence R(a,b) < p(a,a) p(b*,b"). But p(a,a) < p(b,b) , thus
p(b*,b*) < p(a*,a"). Hence,

R(a,b) < p(a,a)p(b*.b*) < pa,a)p(a*,a*) = p(a,a)( - p(a,a)).
Let us denote p(a, a) = k Then for the real function g(k) = k(1 — k),
it is a well-known fact that max(g(k) < %

Therefore, R(a,b)t < %
-1
In the second part of the proof, we want to show that R(a,b) > e Let

- -
ay, b, € L such that R(a,,b,) < Tl Then — R(a,,b; ) < R Hence,

02

R(a,,b))> % This means that R(a,,b,) > %, which contradicts the

first part of the proof. (Q.E.D.)

Proposition 3. 1. 1 Let ¢ be a quantum logic, p €W, and let a, b
e L. Then —R(a,a) £ R(a,b) < R(a,a) .

Proof. We start by showing that R(a,b) < R(a,a). Leta, b € L such that
R(a,b)> R(a,a) . Then p(a,b)— p(a.a)p(b,b) > p(a,a)— p(a,a)p(a,a=
= p(a,b) + p(a,b*) - p(a,a) p(a,a). Thus

~-p(a,a)p(b,b)> p(a,b”) - p(a,a)p(a,a);

pla.a)[p(a.a)= p(b.b)]> pla.b*);

plaa|pa.a)- plab)- pa" b pab');

pla,a)p(a,b”) = p(a,a)p(a*,b) > p(a,b");

pla,a)p(a,b”) = pla,b")> pla,a)p(a,b);

-pla,b*)p(a*,a*)> p(a,a)p(a*,b) 2 0.

Thus —p(a,b*)p(a*,a")>0. And this contradicts the assumption,
that p € W,. Therefore, R(a,b) < R(a,a).

To prove that —R(a,a) < R(a,b), the same technique of the proof
above can be used. (Q.E.D.)
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Remark 3. 1. 1 Let ¢/ be aquantum logic. We can see that
R(1,,b)=R(0,,b)=0 foreachbe L.

Proposition 3. 1. 2 Let L be a quantum logic, peW,. Ifa, b € L
such that a L b, then for each ¢ € L, it holds:
R(av b,c)=R(a,c)+ R(b,c)
R(c,av b)=R(c,a)+ R(c,b).
Proof. We prove one of these two properties. Letc € L, a L b Then
R(av b,c)= p(avb,c)—pavb,avb)p(c,c)
= pla,c)+ p(b,0) = [pa.a) + p(b.b) Jp(e,)
= R(a,c)+ R(b,c).
which means that R is additive. (Q.E.D.)

3. 2 Definition of a Common Cause in Quantum Logic

In 1997, Redei proposed a definition of common cause, which
provides that events are compatible in a probability space. Similarly,
we propose such a definition in quantum logic. One of the benefits
of using the definition of a common cause in quantum logic is that
the elements do not need to be compatible. This gives us more
general constructions than constructions in a probability space. To
introduce a proper definition of a common cause in quantum logic,
we need to introduce concepts that help us build a definition of
a common cause.

Definition 3. 2. 1 Let ! be a quantum logic, p € W,

by,...b, € W. Aconditional s-map is amap f,., € W, with the
following property

_ pa,...,a;,b,...,b,)
p(1,,....1,,b,,....b,)
where p(1,,...1,,b,,...,,) > 0.

Sin(@sesa | by,.b,)

Lemma 3.2.1 Let ! be a quantum logic, p f W.,. Then

1. Ifcel,p(c,c,c)>0, and f,,(..|c)= [ C)
’ ple,c,c)

p(.b.0)
p(lL > b’ C)
Proof. We only show (i) because (ii) follows directly from the first

property (i).
(i) It is clear that f5,(1,,1,|c)=1.Leta, b € L and leta Lb. It is
clear, that f;,(a,b|c)=0. We show only aditivity:

plavb,d,c) pla,d,c) N pb,d,c) _
ple,c,c) ple,c,e)  ple,e,c)
= fz,l(a’d lc)+ fz,l(bad lc).

s thenf21 is an
s-map. '
2. Ifb,ceL,p(1,,b,c)>0, and f,(.|b,c) =
a state.

then f| , is

fzvl(avb,d|c):

Similarly f;,(d,avb|c)= f,,(d,a|c)+ f,,(d,b]|c).
Therefore f,,(.,.| ¢) is an s-map. (Q.E.D.)

Lemma 3. 2.2 Let L be a quantum logic,p € W, and let a,b,c.d €
L such that b 1 ¢, and p(1,,b,d)>0,p(1,,c,d)> 0. Then
Jiatalbve,d)=fi,(b]bve,d)f,(alb,d)+

+fiaelbved)f (ale.d)
Sialald.bve)y=fi,(bld.bvc)f,(ald,b)+
+f1v2(c|d,bvc)f172(a|d,c).

Proof. Letbh L cand p(1,,bvec,d)>0,p(1,,b,d)>0,p(1,,c,d)> 0.
Then

a,bve,d a,b,d a,c,d
Falalbved) = P( ) _ B ) P( )
p.bved) pQbved) p(,.bved)
— p(aabsd) p(1L9b’d) + p(aacad) p(lL’c’d)

p(,,b,d) p(,.bve,d)  p(l,.c.d) p(l,,bve.d)

But p(1,,b,d) = p(b,b,d) = p(b,bv c,d),

p(;,c,d)= p(c,c,d) = p(c,bv c,d). Therefore,

pla,b,d) p(b,bvc,d) N pla,c,d) p(c,bve,d)
pQ,,b,d) p(1,,bve,d) pQ,,c,d) p(1,,bve,d)

= fia(alb,d) f,(b|bve,d)+ fiy(ale,d) fi,(c|bve,d).

Sialalbve,d)=

Similarly, we obtain that
Siotald,bvey=f,,(bld,bvo)f,,(ald,b)+

+fi,(c|dybv o) y(alde).
(Q.E.D.)

3. 3Independence of elements in quantum logic

We turn now to the notion of the independence of elements with
respect to an s-map in quantum logic. The definition can be
proposed in the following way.

Definition 3.3.1 Let { be a quantum logic,p € W, .,
CppenCy € L. If there exist b] ..... bn, e L such that
p(,,...,1,,b,...,b,,¢,....,c,) > 0 and

Sinet@psenay | by,bycync) =

= .fk,n+t(al7---9ak [1,,..1,,¢,e006,),

anda],...,ak,

then we say that (a,,...,a,) is independent to (b,,...,b,) with respect
10 (€3¢,) (denoted by (@)~ (Beesb,) le,...c. D).

Lemma 3. 3.1 Let L be a quantum logic p € W, and a,b,c, € L If

Jip >

thenf, (a,b|c)= f,,(a,alc) f,(b,b]c).
Proof. Let a,b,c, € L such that fora~, b [c]. Then

. __plabe) _ plab,c) p(,.bc) _ . .
Sfoi(abc) P10 pl,.be) p(l,.0,.0) Siaalb,e) f,(b]1;,0)

Because f,’z(a |b,c)= fl,z(a [1,,c),
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then
Salablo)= f,(all,,0) fi,(b]1,,0).

Hence

fi(all,,0)= pal,c) _ pla,a,c) _

p(,.,,0)  p,l,,.0)
then £, (a,b| )= f,,(a,a|c) f,(b,b|c) (QED.)

In particular, let £, | be a conditional s-map and £, , be a conditional

fz,l(a’a [c),

state. We can see that if for a, b € L there exists ¢ € L such that
a~; b [c], then

fulab )= f,(alb,0) ;b 1,.0)

Since we have prepared the background that a common cause is
based upon, we are now able to put a proper definition of a common
cause in quantum logic.

Definition 3. 3. 2 Let { be a quantum logic, f,, be a conditional
s-map and let L, = Iﬂ elL:f,,(d,d|1,)> O}. A common cause of
(a,b)e L’ is an element ¢ e L,, such that ¢* € L, and satisfies the
following conditions:

(1) fo(@ble)= fy,(aalo)fy (bb|c)

) falablet) = fo(aalc) f,(b,0]c7)

3) fula.ale)> £, (a.alct)

) fo1(b.b]c)> f,(b.b]c).

Proposition 3. 3. 1 Let £ be a quantum logic, p € W; and f, | be
a conditional s-map generated by p. If ¢ € L, is a common cause of
a, b € L, then R(a,b) > 0.
Proof. We show that
R(a,b) = p(a,b,1,)— p(a,a,a)p(b,b,b) |

= tpteh @l fy@ach]

[fz,[(b7b ¢)— fr,(b,b cl)] >0.
Letce L, p(c,c,c)>0 be a common cause of a, b € L. It is clear
that p(a,a,a) = p(1,,a,a) = p(1,.1,,a).

p(u,u,v)

Let us denote Vu € I’ p,(u) = p(u,u,u) and fa,(u|v)= X
p(v’v’v)

where v € L. Then

R(a,b) = p(a,b,1,) = p;(a)p;(b) = p(a,b,c v c*) = py(a) py(b)
= pla,b,e)+ p(a,b,c*) = py(a) ps ().

Let p;(c) > 0. Thus, the terms p(a,b,c), p(a,b,c"), p,(a), p,(b) can
be written in the following form

p(a,a,c) + p(a’arcl) = fz,l(a | C)p3(C) + fz,l(a | CL)pS(CL)
p(b.b,c)+ p(b.b,c") = f1,(b)py(0) + [, (bl ) ps(c?) .

‘We obtain that
fala.ble)ps(c) = fri(ale) f,(b ] c)ps(c) (1)
for(@b|c)ps(eh) = fo(ale) fr,(b] M) py(e?) (2)

Now, substitute equations (1), (2) in p(a,b,c), p(a,b,c*), we
obtain

P@b,1,)= f1,(al) 1y, (Bl + fuy(al eV fan(bl e Ipa(ch).
Hence
p@pa0) = [f@l @+ firtalpaien ]
[0 0)ps()+ £, 0 Mps(e)]
= £ (@O f1, B OPAO+ fisal ) fo (bl IPI)

+ fo@l ) fo, (bl )py(@)ps(c) +
+ fualale) fo,(b])pse)ps(ch).

Further, subtract 25(@)p;(b) from p(a,b,1) and rearrange the terms
of the quality above, we obtain

R@b) = py(a,b,1,) - py(@)py(b) =
= (@l fu bl i) - pie)]
+ fulale fo i - p2en)]
—p@pe @bl + furale fublo)]

It is clear that p;(c) = p; (¢) = ps(c)ps(¢*), and
p5(c) = pi(c) = py(c) ps(c?), thus

R(a,b) = p(a,b,1,)— py(a)ps(b) =
= py@ps(ct) [l @l o) - fyale))
— Bl (@l o) - fu(ale ]

Hence

Ra,b) = py@ps(efu(@le) - firtal e ® o) - £,0 1),

but
py(©), py(ct), foyale) = fi(aleh), fo,(b| &)= fo,(b| ) >0,

respectively. Therefore, R(a,b) > 0. (Q.E.D.)

Conclusions

Let £ be a quantum logic, p € W;, f,, be a conditional s-map and
let a,b,c € L. In fact, we can see that ¢ is a common cause to (a,b),
but ¢ is not necessary in order to be a common cause to (b,a). We
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notice that the whole structure of a common cause in quantum logic

depends on the notion of a conditional s-map generated by an s-map

p- In other words, the definition of a common cause will fail without

an s-map.
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