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PREFACE
It is pleasure for research group at the Department of Physics of Faculty of Civil Engineering at
Slovak University of Technology in Bratislava to host the twelfth meeting of the Thermophysical
Society – Working Group of the Slovak Physical Society. The meeting was held on October 16 and
17, 2008 in the Kočovce chateau, Western Slovakia. The seminar Thermophysics is meeting of
scientists working in the field of investigation of heat transfer and measurement of thermophysical
and other transport properties of materials. Nearly 30 participants of the seminar delivered over 20
lectures in which their authors presented current research progress. The aim of the seminar was to
attract not only prominent scientists but also young physicists.
Organize committee would like to express thanks to all participants for their interesting contribution.
Jozefa Lukovičová
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Application of the Hot Ball Method on Curing Process of an Epoxy Resin
Carlos Calvo Anibarro, Ľudovít Kubičár
Institute of Physics SAV, Dúbravská cesta 9, SK-845 11 Bratislava, Slovakia
Ivan Chodak, Igor Novak
Polymer Institute SAV, Dúbravská cesta 9, SK-845 11 Bratislava, Slovakia
1. Introduction
The paper deals with application of the Hot Ball method on curing process of an epoxy
resin. With this method we are able to test the curing stage of the epoxy resin by measuring of the
thermal conductivity. Thermal conductivity is a material property that depends on the degree of
curing of the polymer. The epoxy resin sample hardens during the curing and the physical
properties of the material are changed. We can use this change of the physical properties for
identification of the curing process.
Testing of the material property is performed by cycles. In each cycle the thermal
conductivity is measured and stored. With the repetition of the cycles a picture on long time
material property change is obtained. The curing process has been tested to several temperatures.
2. Description of the Hot Ball method
The Hot Ball method belongs to transient measuring techniques. This method is based on
the generation of a constant heat flux by a spherical heat source inside the material to be tested,
measuring the temperature response with a thermometer placed in the center of the heat source.

Fig.1. Photo of the hot ball sensor
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The constant heat flux is generated by the passage of an electrical current through a
resistance assembled to the spherical heat source (rb). The heat flux penetrates inside the hot ball
sensor surrounding (R).

Fig.2. Ideal model

A thermometer placed in the center of the heat source measures a temperature response.
While the heat transfer to the surrounding medium is being produced, the temperature of the
sample is increased up to a maximal value (Tm), in which the temperature is stabilized.

Fig.3. Ideal temperature response

This maximal value of the temperature response is used to calculate the thermal
conductivity of the material by the relation

where λ [Wm-1K-1] is the thermal conductivity, q [W] is the heat flux, rb [m] is the heat source
radius and Tm [K] is the stabilized temperature value.
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In order to obtain a picture on long time thermal conductivity change, testing of the
material property is performed by cycles. Each cycle consists on the measuring of the ball
temperature (obtaining the base line), the generation of a constant heat until obtaining the
stabilized temperature value after some time, and a stabilization stage produced when the heat
generation is interrupted.

Fig.4.Measuring cycle

Results of each cycle are stored in the data logger and transferred into computer,
obtaining automatically the thermal conductivity for each measuring cycle.
3. System
An epoxy oligomer named ChS Epoxy 513 was used. It is a low-molecular weight
epoxyacrylate resin. Its molecular weight is 800 and its viscosity is 400 mPa. A catalyst based on
a boric fluoride compound was used as hardener. The sample was prepared by the Polymer
Institute of the Slovak Academy of Sciences.
A polymerization following a cationic mechanism is observed. In this kind of
polymerization, the catalyst activates an epoxy monomer by forming an oxonium active center.

Fig.5.Cationic polymerization initiation
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These protonated epoxy molecules can then reacted with other epoxy monomers and
proceed in cationic chain propagation by the activated chain end or activated monomer
mechanisms.
In the activated chain end mechanism, tertiary oxonium ions are formed and the chain
propagates by repeated addition of monomer molecules.

Fig.6.Activated chain end mechanism

Another possibility is the activated monomer mechanism. As the oxiranium ring opens,
hydroxyl groups are formed, and with a high formation of active centers, more hydroxyl ions will
form. Reaction with these hydroxyls containing species followed a transfer of charge with a
monomer to generate the activated monomer, which is again added to a hydroxyl containing
species. Thus this path becomes more important as the hydroxyl concentration increases with
increasing initiation.

Fig.7.Activated monomer mechanism

A system was prepared in order to realize the measurements. The sample was put inside a
metallic recipient, and the hot ball sensor was placed in the middle of this recipient.
A first chamber is placed over the recipient and a second chamber is placed over the first
one to have an isothermal process. The temperature inside the chamber is controlled by a
thermostat.
The hot ball sensor is connected to an electronic unit that realizes the required
functionalities to obtain data on thermal conductivity and to store the corresponding data. Those
data are transferred to a computer.
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Fig.8.Picture of the hot ball sensor inside the sample

4. Experiment
The calibration of the hot ball sensor is based on the relation
q / Tm = 4πrbλ = Aλ
The ratio q/Tm is a linear function of thermal conductivity that will be tested using
certified materials, namely porofen, calcium, PMMA and glycerol. A calibration function was
obtained.
materials
calibration function
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Fig.10.Calibration function

In order to start the monitoring of the curing process, the temperature was set at 30°C.
When this temperature was stabilized, the mixture of the epoxy resin was put in the recipient and
the hot ball sensor was introduced in the middle of the mixture. The recipient was put into the
chamber.
After five days, it was observed that the process was running very slowly. The decision
taken was set the temperature at 50°C, in order to accelerate the process.
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Fig.11.Variation of the thermal conductivity during curing process of the epoxy resin

Fig.11 shows changes of the thermal conductivity and temperature during the experiment.
The experiment started at 30°C. Firstly we could observe how the thermal conductivity was going
to lower values. It was due to a homogenization of the initial mixture of the two components.
When this homogenization had been get, a constant value of the thermal conductivity was
obtained. After five days, this constant value was still obtained. We decided to increase the
temperature up to 50°C. An increasing in the thermal conductivity was observed, due to the
stiffening of the sample. After one week from the beginning of the experiment and due to a
problem with the battery of the RTM device, a wide range of measurements were lost. When this
problem was solved, the increasing of the thermal conductivity was still running.
5. Conclusion
The application of the Hot Ball method to monitoring curing process of an epoxy resin
has been presented.
An epoxy resin based on boric compound has been used for the experiment.
Initially, a lowering of the thermal conductivity was produced, due to a homogenization
of the mixture formed by the epoxy resin and the hardener.
The thermal conductivity is increased during the curing process due to the stiffening of
the sample.
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THE ELECTRO-THERMAL MODEL OF SWITCH EFFECT IN
THE CHALCOGENIDE GLASSES
Ivan Baník, Jozefa Lukovičová
Abstract
The paper presents modelling of a volt-ampere characteristic of semiconductor chalcogenide
glasses, which demonstrates so-called switch effect showing hysteresis behaviour during
increasing and subsequent decreasing of current or voltage in the sample. Conductivity of the
material is temperature depend. In this model, the cylindrical sample is divided into two parts
and the Joule heat is created in both of them. The model assumes that the heat transfers
between these parts can be described Newton’s law of cooling.

INTRODUCTION
Switch effect
Chalcogenide glasses present an important subgroup of non-crystalline materials with
several possibilities of technical applications in the area of electronics and optoelectronics [13]. Their electrical properties were explored first time by Kolomijec with colleagues around
1960 [4]. Switch effect as the memory effect in these materials discovered Owshinski in 1968
[5]. Another perspective application of these materials is the photo (current) induced phase
structural change [6], which can bring the use in data (incl. holographic) record.
The paper presents electro-thermal model of the switch effect. The aim is to show that the
switch effect (by which the volt-ampere characteristic shows strong hysteresis) may be
induced also by the electro-thermal mechanism.

SINGLE-LAYER MODEL
Electrical conductivity
The volt-ampere characteristic I(U) of chalcogenide glasses is linear for very small
currents. The influence of temperature T on its characteristic is given by
W
I = const . U exp( − )
kT
where W is the activation energy of the corresponding chalcogenide glass and k is the
Boltzman constant. In our case, the temperature of sample T is equal to room temperature To.
The higher currents may develop self-heating of the sample, which can be incorporated
into the volt-ampere relation through the temperature change induced by current. At the same
time a simplified assumption is applied that the sample is isothermal (temperature is equal in
whole volume) and the heat release out of the sample is govern by the Newton law for the
thermal release. For the mentioned assumptions, the temperature correction is continual
proportional to the electric power of the sample UI, so the T = To + βUI, where β is constant.
The volt-ampere characteristic of the single-layer sample may be written as follows
W
)
I = const .U . exp( −
k (T0 + β UI )
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Figure 1

For higher currents are the corresponding volt-ampere characteristics markedly non-linear.
The situation with several volt-ampere characteristics at different temperatures of surrounding
environment is shown on Figure 1. The characteristics show also the field with negative
differential resistance. One has to note, that the whole process is reversible by the rise and
decline of the current. The volt-ampere characteristic of single-layer model does not show any
hysteresis behaviour.

TWO-LAYER MODEL
This part describes the two-layer model and proves that the corresponding volt-ampere
characteristics show hysteresis behaviour, so called switch effect. The entire geometry of the
two-layer sample together with an appropriate thermal profile is given on the Figures 2 and 3.

Figure 2.

10
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Figure 3.

At the first stage we will investigate the thermal balance in particular sample layers.
In stationary state, the heat rate UI2 induced by the current I2 is in the middle (the second)
part of the sample in equilibrium with the heat outlet dQ21/dt from the layer 2 to layer 1 per
unit of time, and so
dQ21
= UI 2
dt
In respect with the assumption of validity of the Newton’s relation, the heat outlet will be
given by the equation

dQ21
= γ 21 (T2 −T1 )
dt
where γ12 is a constant.
The thermal balance of the outside layer in equilibrium is given by equation

dQ01 dQ21
=
+ UI1 = UI 2 + UI1 = UI
dt
dt
where

I = I1 + I 2

is the total current passing through the sample (the both layers). The heat released into the
surrounding environment is described by the equation

dQ10
= γ 10 (T1−T0 )
dt
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From the mentioned follows that

γ 10 (T1−T0 ) = UI
γ 21 (T2 −T1 ) = UI1
All these relations serve to express the temperatures T1 and T2 in particular layers of the
sample for the stationary state

T1 = T0 + β10UI
where

T2 = T0 + β10 UI + β 21 UI 2
β 21 =

1

γ 21

β10 =

1

γ 10

are the corresponding constants. The currents, which are passed through particular layers are
described by the analogous relations like in the case of single-layer sample, so
I1 = const . U exp( −

I 2 = const . U exp( −

W
)
k (T0 + β10UI )

W
)
k (T0 + β10UI + β 21UI 2 )

I1 + I 2 = I
By the numerical solving of the above mentioned equations is possible to obtain a graph of
corresponding volt-ampere characteristics of the two-layer’s sample. The characteristics show
hysteresis behaviour already during the corresponding rundown.

Figure 4.

Another improvement of the volt-ampere characteristics model of the chalcogenide glass
can be achieved by the implementing of two sub-bands of carrier mobility (Figure 4).
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THERMOPHYSICS 2008

Kočovce, October 16-17, 2008

TWO SUB-BANDS OF MOBILITY IN NON-CRYSTALLIC
SEMICONDUCTORS
Electronic spectrum of the chalcogenide glasses features with an existence of low mobility
sub-band situated on the bottom of conduction band (like on the top of valence band). The
sub-band of high mobility is situated above it (see Figure 4).
The explanation is following: an occurrence of the low mobility sub-band may be
conditional to the existence of potential barriers which make the transport of unbound
electrons with low energy harder (see Figure 5). The mobility of unbound electrons with
sufficiently high energy (situated at the layers above the top of potential barriers) will be
much higher.

Figure 5

Single- and two-layer sample with two sub-bands of mobility

If the initiated two sub-bands are assigned simply to two different values of mobility μ1
and μ2 (see Figures 4, 5), the entire transport in the glass (considering the two-layer sample)
can be described by the following three relations

W (1 − cU ) 
W
I 1 = const . U  µ 1 exp( −
) + (µ 2 − µ1 ) exp( − O1
)
k (T0 + β10UI )
k (T0 + β10UI ) 




WO1 (1 − cU )
W
) + (µ 2 − µ1 )exp( −
)
I 2 = const . U  µ1 exp( −
k (T0 + β10UI + β 21UI 2 )
k (T0 + β10UI + β 21UI 2 ) 


I1 + I 2 = I
In addition, the mentioned equations involve a fact that the electric field decreases the
mobility gap width Ws, and so Ws = Wso – cU, where U is the electric tension on the sample
and c is constant.
Numerical solution of the three above relations can produces a graph of particular voltampere characteristics of the two-layers sample. Illustrative examples are shown on Figures 6
and 7. The characteristics show hysteresis behaviour. Sample is changing its state from the
high- to low-resistance and vice versa what is just the principle of the switch effect.
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Figure. 6

Figure 7
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PROPERTIES OF CEMENTITIOUS COMPOSITES AT HIGH
TEMPERATURES
Robert Černý

Czech Technical University in Prague, Faculty of Civil Engineering, Department of
Materials Engineering and Chemistry, Thákurova 7, 166 29 Prague 6, Czech Republic,
email: cernyr@fsv.cvut.cz

Abstract:
Cementitious composites subjected to high temperatures undergo chemical
reactions which result in decomposition of some of the original compounds of
the cement gel. The reliable knowledge of these reactions and their
consequences for both the cement matrix and pore space is of crucial
importance for understanding the behavior of this type of composites at high
temperatures. In this paper, properties of several characteristic cement-based
composites are analyzed both after and during high-temperature exposure and
their relation to the thermal decomposition processes is analyzed.
Keywords:
Cement-based composites, high temperatures, properties

INTRODUCTION
Thermal and hygric properties of cementitious composites such as concrete, cement mortar
and cement paste are measured at room temperature in standard conditions, in most cases. For many
applications of concrete in building structures is it quite sufficient as usual environmental exposure
is within the range from about -20°C to +50°C. However, some concrete structures can be exposed
to elevated or high temperatures during their lifetime. Fire resistance problems of concrete
structures can be considered probably as the most important example in this respect, but special
industrial applications of concrete such as in blast furnaces, nuclear safety related structures or heat
pipes also become of great significance. In such conditions, high temperature values of thermal
parameters are to be determined to analyze the behavior of the particular structures already in the
design phase in a proper way.
Concrete is a material that can survive severe thermal conditions. There are examples of
concrete structures that were exposed to a major fire but after reconstruction they were quite
serviceable (for instance the Great Exhibition Palace in Prague). Therefore, it may also be useful to
know its hygric and thermal properties after high-temperature exposure, in order to assess its
serviceability after a fire.
In this paper, properties of several characteristic types of cement-based composites are
analyzed both during and after high-temperature exposure.

EFFECT OF HIGH TEMPERATURES ON STRUCTURE AND COMPOSITION OF CEMENTBASED COMPOSITES

There are numerous methods for investigation of concrete structure and composition which
can be utilized in the analysis of the effect of high temperatures on the cement matrix and pore
space. Thermal analysis and mercury intrusion porosimetry belong to the simplest but very effective
15
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methods of this type. Therefore, we will use them for the demonstration of basic processes taking
place in concrete subjected to high temperatures.
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Figure 1 DTA of Portland cement mortar

Fig. 1 shows a typical differential thermal analysis (DTA) curve of Portland cement mortar.
The first very pronounced endothermic peak (a minimum) at 107°C represents the evaporation of
pore water. This peak probably also includes the decomposition of CSH gels that should take place
between 120°C and 140°C [1] and the decomposition of ettringite around 120°C [1]. The second
endothermic peak at 212°C corresponds to the decomposition of the aluminate phase
4CaO·Al2O3·13H2O
and
sulfoaluminate
phases
3CaO·Al2O3·CaSO4·12H2O
and
3CaO·Al2O3·3CaSO4·31H2O [1]. The third significant endothermic peak at 460°C represents the
decomposition of Ca(OH)2 [1]. The sharp endothermic peak at 573°C is apparently not related to
the processes in cement. It shows the
→ αβ phase transition of aggregate SiO
2. The wide
endothermic peak with a minimum at 710°C can be assigned to the decomposition of calcium
carbonate CaCO3 which appeared in the material due to the carbonation of calcium hydroxide. The
other small peaks in the range of 800–1200°C are difficult to identify because their explanation was
not reported yet — as far as the author knows — in the literature.
Fig. 2 shows a typical thermogravimetric (TG) curve of Portland cement mortar which was
dried before the TG analysis. The total mass loss observed was 16.25%. The first remarkable mass
loss below 200°C is approximately 1 mg (i.e., 2.5% of the mass of the sample) and corresponds to
the loss of nearly free water from the pore space and water released from CSH gels and ettringite.
Further slower mass decreases on the TG curve up to approximately 400°C can be attributed to the
decomposition of aluminate and sulfoaluminate phases. It amounts to 0.93 mg (2.33% of mass) and
corresponds to the loss of water from these phases. The fast mass decrease between 450 and 470°C
is due to the decomposition of calcium hydroxide. The amount of water released during this
decomposition was 0.786 mg (1.97% of mass), which corresponds to 3.23 mg of Ca(OH)2 in the
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sample (i.e., 8.07%). The remarkable mass loss between 600 and 710°C (3.13 mg; i.e., 7.83% of
mass) can be assigned to the decomposition of calcium carbonate. The amount of released CO2
corresponds to 5.26 mg of originally present CaCO3. The slow mass loss at temperatures higher
than 710°C cannot be exactly identified; it is not discussed in detail in the literature.
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Figure 2 TG of Portland cement mortar

The effect of high temperatures on the pore structure of Portland cement mortar is illustrated in
Table 1 and Fig. 3. Table 1 shows global characteristics of the porous space of reference Portland
cement mortar and the same mortar which was pre-heated to 800°C for two hours before the
measurement; Vp is the total intrusion volume, Ap the total pore area, rV the median pore radius by
volume, ρ the bulk density. Apparently, the effect of thermal load was very pronounced. The
median pore radius increased about 15 times compared to the reference specimen, Vp increased by
almost 70% and even ρ decreased by 8%.
Table 1 Global characteristics of the pore space of Portland cement mortar
Material
Vp [cm3/g] Ap [m2/g] rV [μm] ρ [kg/m3]
Reference mortar
0.073
13.62
0.038
2200
Pre-heated to 800°C
0.122
5.46
0.565
2020
Fig. 3 shows a comparison of pore distribution functions of the reference- and 800°C pre-heated
Portland cement mortar specimens. The thermally loaded specimen exhibited a very significant
increase of pore volume in the region 0.1 μm - 5 μm compared to the reference mortar but a
remarkable decrease was observed in the region of smaller pores, r < 0.1 μm.
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Figure 3 Incremental pore volume of Portland cement mortar

The characteristic example of thermally induced changes in the composition and porous
structure of cement mortar presented above gives evidence that the damage of both the matrix and
pore space can be quite serious. The rather significant mass loss together with the increase of pore
volume and the shift of the major peak of pore distribution curve to the μm range are certainly
supposed to result in major changes in principal material parameters. As for the composition and
pore structure the material subjected to high temperatures reminds the original Portland cementbased composite only marginally. We will illustrate the effect of high temperatures on hygric and
thermal properties of selected Portland cement-based composites, namely cement mortar, highperformance concrete, three types of glass fiber reinforced composites and a carbon fiber reinforced
composite material, in what follows.

MATERIALS
The samples of cement mortar (CM) had the following composition (i.e. the mixture for one
charge): Portland cement ENV 197 - 1 CEM I 42.5 R (Králův Dvůr, CZ) – 450 g, natural quartz
sand with continuous granulometry I, II, III (the total screen residue on 1.6 mm 2%, on 1.0 mm
35%, on 0.50 mm 66%, on 0.16 mm 85%, on 0.08 mm 99.3%) - 1350 g, water – 225 g.
The composition of the high performance concrete (HPC) was as follows: Cement 42.5 R
(Mokrá, CZ) - 499 kg/m3, sand 0/4 size fraction - 705 kg/m3, gravel sand 8/16 size fraction 460 kg/m3, gravel sand 16/22 size fraction - 527 kg/m3, water - 215 kg/m3, plasticizer - 4.5
l/m3.
The samples of glass fiber reinforced cement composites denoted as GC I, GC II, GC III
were plate materials with Portland cement matrix (cement CEM I 52.5 Mokrá), which was
reinforced by alkali-resistant glass fibers (CEM-FIL 2 250/5B Tex 2450 30 mm for GC I, CEM-FIL
70/30 6 mm for GC II and GC III), the materials GC II and III contained vermiculite and
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wollastonite. The basic composition of GC I, II, III is shown in Table 2 (the percentage was
calculated among the dry substances, water corresponding to the water to cement ratio of 0.8 was
added to the mixture).
Table 2 Composition of glass fiber reinforced cement composites in %.
Cement Sand Plasticizer
GC I

47.99

GC II

47.99

Glass fiber

Wollastonite Vermiculite Microsilica

0.62

3.40

47.60

0.45

3.84

38.50

9.61

GC III 56.88

0.92

7.66

8.68

21.51

4.35

The carbon fiber reinforced cement composite (denoted as CC) had the composition shown
in Table 3 (again calculated among the dry substances only). Portland cement CEM I 52.5 Mokrá
was used for CC, carbon fiber was pitch based with 10 mm length. Water in the amount
corresponding to the w/c ratio of 0.8 was added to the mixture.
Table 3 Composition of carbon fiber reinforced cement composite in %.
Cement

Microdorsilite

Plasticizer

Carbon
fiber

Wollastonite

Methylcellulose

39.71

16.50

0.98

0.98

39.6

0.11

Defoamer Microsilica
0.16

1.96

EXPERIMENTAL DETAILS
Moisture diffusivity, thermal conductivity and specific heat capacity were chosen as hygric
and thermal parameters most characteristic for the demonstration of the effect of high temperatures
on cementitious composites after thermal load. The specimens were heated to either 600°C or
800°C in a furnace, left for two hours at the final temperature and then slowly cooled. The
measurements were then done at room temperature on dry specimens.
Thermal conductivity λ and specific heat capacity c in room temperature conditions were
determined using the commercial device ISOMET 2104 (Applied Precision, Ltd.). ISOMET 2104 is
a multifunctional instrument for measuring thermal conductivity, thermal diffusivity, and volume
heat capacity. It is equipped with various types of optional probes, needle probes are for porous,
fibrous or soft materials, and surface probes are suitable for hard materials. The measurement is
based on analysis of the temperature response of the analyzed material to heat flow impulses. The
heat flow is induced by electrical heating using a resistor heater having a direct thermal contact with
the surface of the sample.
Moisture diffusivity κ was determined using a simple gravimetric method [2] based on the
common sorptivity experiment and the assumption that κ can be considered as piecewise
constant with respect to the moisture content. Contrary to the most frequently used methods for
κ determination, the method from [2] is very fast even for materials with low κ, and in addition it
exhibits a reasonable precision. Therefore, its application for cement based materials is very
suitable. The saturated moisture content by mass umax was measured by the capillary saturation
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method. The specimen was dried at 110°C and weighed, then left for 24 hours in water, weighed
again and its moisture content by mass calculated. Water vapor diffusion permeability δ was
measured by the common dry cup method [3].
Specific heat capacity, thermal diffusivity and linear thermal expansion coefficient were
measured in the temperature range up to 1000°C. As the adiabatic methods are not very suitable for
measuring high-temperature specific heat capacity of building materials, mainly because of the
necessity to use relatively large samples, a nonadiabatic method [4] was employed for the
determination of temperature-dependent specific heat capacity. The measurements of hightemperature thermal diffusivity were done using the double integration method [5]. The thermal
diffusivity was determined using the results of experimental measurements of temperature fields in
the sample at one-sided heating in the solution of the inverse heat conduction problem. The
measurements of linear thermal expansion coefficient were performed by the method described in
[6]. This method consists in using a comparative treatment with a known material. A set of strain
values corresponding to the given temperatures is determined and the linear thermal expansion
coefficient calculated as the first derivative of the strain vs. temperature function with respect to
temperature.

RESULTS AND DISCUSSION
Tables 4-9 show the thermal and hygric parameters of studied cement based composites
after thermal load. The decrease of room temperature thermal conductivity after exposure to high
temperatures that was observed for all materials (except for the high performance concrete where
these measurements were not performed) is a consequence of decomposition processes in the
Portland cement matrix described before. The decomposition of calcium hydroxide was apparently
the most important process from this point of view because the decrease of thermal conductivity
was faster between 25°C and 600°C than between 600°C and 800°C. The decrease of thermal
conductivity after thermal load was much higher for cement mortar (about 4-5 times) than for fiber
reinforced composites (less than 50% in all cases) although the density decrease was quite
comparable. This is clearly a positive effect of fiber reinforcement that was able to keep the cement
matrix together even after significant decomposition processes and prevent it from the formation of
wide cracks, which play the most important role in the decrease of thermal conductivity. This effect
was even more pronounced in the moisture diffusivity measurements. While 3 orders of magnitude
increase of moisture diffusivity was observed for cement mortar after exposure to 800°C, for GC II,
GC III and CC this increase was only about one order of magnitude. High performance concrete
exhibited two orders of magnitude increase in moisture diffusivity which was comparable to GC I.
The adhesion of fibers to the cement matrix was for GC I probably worse than for the other studied
fiber reinforced composites. Water vapor permeability was affected by the high-temperature
exposure in a less significant way then moisture diffusivity for all analyzed materials but the
changes were important yet; δ increased up to three times compared to the reference specimens. The
effect of fibers was not clearly distinguished in this case. The relative increase of water vapor
permeability was similar for high performance concrete and fiber reinforced concretes. Apparently,
these findings were related to the lower sensitivity of water vapor diffusion to large crack
appearance compared to moisture diffusivity and thermal conductivity. While water vapor transport
in porous media is more or less related to the volume of open pores, the liquid moisture transport is
very sensitive to opening of preferential paths and thermal conductivity of porous materials is
highly dependent on the topological characteristics of the porous space.
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Table 4 Thermal and hygric parameters of cement mortar after thermal load
Temperature
exposure [°C]
25
800

ρs

c
-1 -1
[kg m-3] [J kg K ]
2130
850
2020
-

λ

umax κ
δ
[W m-1 K-1] [%] [m2 s-1] [s]
1.16
8.0 9.70E-9 3.34E-12
0.27
13.4 1.00E-5 4.03E-12

Table 5 Thermal and hygric parameters of high performance concrete after thermal load
Temperature
exposure [°C]
25
600
800

ρs

[kg m-3]
2206
2172
2156

c
[J kg-1 K-1]
800
-

λ

[W m-1 K-1]
1.58
-

umax
[%]
7.0
8.8
9.8

κ

[m2 s-1]
1.77E-8
8.53E-7
2.74E-6

δ
[s]
3.07E-12
1.18E-11
-

Table 6 Thermal and hygric parameters of GC I after thermal load
Temperature
exposure [°C]
25
600
800

ρs

[kg m-3]
1960
1865
1820

c
[J kg-1 K-1]
920
920
900

λ

[W m-1 K-1]
1.124
0.706
0.666

umax
[%]
10.6
15.6
16.2

κ

[m2 s-1]
1.28E-09
9.57E-08
1.79E-07

δ
[s]
4.09E-12
8.53E-12
1.35E-11

Table 7 Thermal and hygric parameters of GC II after thermal load
Temperature
exposure [°C]
25
600
800

ρs

c
-1 -1
[kg m ] [J kg K ]
1090
1090
1030
1050
990
960
-3

λ

umax
[W m K ] [%]
0.275
47.5
0.198
56.8
0.160
56.8
-1

-1

κ

[m2 s-1]
2.52E-08
1.27E-07
3.18E-07

Table 8 Thermal and hygric parameters of GC III after thermal load
Temperature
exposure [°C]
25
600
800

ρs

c
-1 -1
[kg m ] [J kg K ]
970
1285
900
947
900
837
-3

λ

umax
[W m K ] [%]
0.274
58.1
0.198
68.4
0.159
68.4
-1

-1

κ

[m2 s-1]
3.36E-08
1.92E-07
3.36E-07

Table 9 Thermal and hygric parameters of CC after thermal load
Temperature
exposure [°C]
25
600
800

ρs

c
-1 -1
[kg m ] [J kg K ]
1610
1020
1480
930
1430
870
-3

λ

umax
[W m K ] [%]
0.511
25
0.382
28
0.366
28.5
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-1

κ

2 -1

[m s ]
5.63E-09
2.08E-08
7.67E-08

δ
[s]
1.71E-11
2.49E-11
4.01E-11
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The results of specific heat capacity measurements are shown in Fig. 4. Two basic types of
c(T) functional relationships could be identified. The first was characteristic for cement mortar, high
performance concrete and GC I. Here c(T) was an increasing function up to about 600°C, and then
it began to decrease. For GC II, GC III and CC c(T) was a decreasing function in the whole studied
temperature range.
1600
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400
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200
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GC II
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0
0
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Figure 4 Specific heat capacity of cement based composites

The relatively fast increase of specific heat capacity of cement mortar in the temperature
range of 25-600°C can be attributed probably to the effect of siliceous aggregates. Silicon dioxide
has at 25°C the specific heat capacity of 730 J/kgK while at 575°C it is 1380 J/kgK [7]. This is in
basic accordance with our results because the cement to sand ratio for the cement mortar was 1:3,
for high performance concrete 1:3.4, so that the effect of aggregates on the specific heat capacity
(which is an additive quantity in the sense of the theory of mixtures) was very pronounced.
Similarly we can explain the decrease of the specific heat capacity of cement mortar above 600°C.
Silicon dioxide undergoes at 573°C the α → β transition [7], and the newly formed β form has the
specific heat capacity of only 1125 J/kgK [7].
Similar effects to those of cement mortar and high performance concrete could be observed
on GC I which had similar composition except for the cement to sand ratio that is 1:1. This might
be the reason of the slower increase of the c(T) function in the temperature range of 25-600°C.
As for the remaining materials, their c(T) function behavior could not be explained even in
a similar rough and simple way like with cement mortar and GC I because of the lack of reliable
data for the specific heat capacities of their particular compounds. Another factor making any
statement in this sense even more complicated were the chemical reactions in cement gel after
heating that resulted in fact in a determination of specific heat capacity for a set of different
materials.
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The specific heat capacity of the studied cementitious composites exhibited various
temperature dependences for different materials. The increasing character of the c(T) functions that
is typical for most crystalline solids [7] was observed for the materials with siliceous aggregates,
and only up to 600°C. For the other materials the specific heat capacity decreased with temperature.
Although this type of c(T) function is not very common, it might be explained in general by the
complicity of the studied systems where quite a few chemical reactions and phase transitions occur
after the temperature increase.
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Thermal diffusivity [m2s -1]

CM
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1.00E-06

CC
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GC II

8.00E-07

GC III
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2.00E-07
0.00E+00
0
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200
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400
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600
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800
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Temperature [°C]
Figure 5 Thermal diffusivity of cement based composites

Fig. 5 shows the results of high-temperature thermal diffusivity measurements. The highest
values of thermal diffusivity were achieved in the whole temperature range by high-performance
concrete, which is an expected result because it has the highest bulk density (see Tables 4-9). The
lighter fiber reinforced composites had significantly lower thermal diffusivity, down to about one
half of the values of HPC. The thermal diffusivity of cement mortar was somewhere between these
two limits. The character of thermal diffusivity dependence of fiber reinforced composites was
different than for HPC and cement mortar without any reinforcement. While the thermal diffusivity
of fiber reinforced composites increased in the whole range of temperatures, the thermal diffusivity
of HPC and cement mortar first decreased and from 400°C it began to increase. The slower increase
of thermal diffusivity of fiber reinforced composites in the range of highest temperatures compared
to the cement based materials without any reinforcement can clearly be attributed to the positive
effect of the fiber reinforcement that was in certain range able to prevent from opening wide cracks
magnifying the convective mode of heat transfer. It should also be noted that the thermal diffusivity
of GC I was only slightly higher than of other fiber reinforced cement composites (a higher
difference was in the range of lower temperatures up to 400°C) although its density was
significantly higher. So, the effect of fiber reinforcement was in the highest temperature range
similar for both heavier and lighter fiber reinforced composites. This may be related to the worse
mechanical properties of the cement matrix of lighter composites.
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Figure 6 Linear thermal expansion coefficient of cement based composites

The results of measurements of the linear thermal expansion coefficient in the high
temperature range (Fig. 6) exhibit once again the positive effect of fiber reinforcement. The linear
thermal expansion coefficient of cement mortar and high performance concrete was significantly
higher compared to the fiber reinforced composites and markedly increased with temperature up to
about 500-600°C. For GC II, GC III and CC the linear thermal expansion coefficient even
decreased with temperature in almost whole the temperature range studied. Apparently, the fibers
were for these composites able to prevent the matrix from an excessive volume increase due to their
good adhesion – contrary to GC I where the linear thermal expansion coefficient was almost
constant up to about 600°C. The decrease of linear thermal expansion coefficients in the highest
temperature range for most materials is clearly related to the decomposition processes in the cement
matrix, where the main role play the decomposition of calcium hydroxide at 460°C and calcium
carbonate in the temperature range between 700-800°C.

CONCLUSIONS
Three main factors were shown to affect the hygric and thermal properties of cementitious
building materials exposed to high temperatures. The first was the decomposition processes in the
cement binder and was clearly negative. The worsening of hygric properties after high-temperature
exposure induced by the increase in open porosity and wide crack opening can have fatal
consequences for durability of a cement-based material. Presence of fibers as the second factor had
in all cases positive consequences; they could partially keep the cement matrix together even after
significant decomposition of cement hydration products. However, their positive effects were
limited to the moment when glass fibers were melted and carbon fibers exposed to the oxygen from
the air after crack opening. The third factor was the composition of the composite. Using
vermiculite instead of sand aggregates was clearly positive because of its porous character.
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Wollastonite was better choice than sand because of its fibrous character that could partially
magnify the effect of fiber reinforcement.
The problem of significant changes in hygric and thermal properties of cementitious
composites induced by high temperatures can be regarded with another horizon yet. These changes
can serve as sensitive indicators of damage which may not seem apparent in some cases. In
particular, the water transport properties may be considered as reliable tool in that respect. Moisture
diffusivity is subject of substantial increase if any preferential paths for the transport of liquid water
appear; these can be formed even by very small cracks.
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TEMPERATURE FIELD IN A SOLID BODY RESTRICTED BY TWO PARALEL
PLANAR SURFACES
František Čulík, Ivan Baník, Jozefa Lukovičová
Abstract
We present the solution of 1D - heat conduction equation using Laplace transformation for a
solid body restricted by two parallel planar surfaces which temperatures are constants.
Comparison of that solution with measured values of temperature somewhere inside the solid
body permits to determine thermal parameters (like diffusivity a, thermal conductivityλ,
specific heat c) of the solid. The formula a = l 2θ c tc determining diffusivity is derived.
Key words
Isothermal border plane. Temperature field. Determination of thermal parameters.

1. Introduction
Fig. 1 shows a sample the coordinate system and initial and final distribution of the
temperature.

x

T1

T2

-l

0

l

Fig. 1
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It is assumed that the temperature at the border surfaces is constant and initial temperature
inside a body is zero. After switching on the temperature in time interval t > 0 at the border
plane x = −l is constant and equals to T1 as well as at the second border plane x = l where the
constant temperature is equal to T2 . In words of mathematics:

T ( x = −l , t ) = T1

t > 0

(1.1)

T ( x = l , t ) = T2

t>0

(1.2)

T ( x, t = 0 ) = 0

−l < x < l ,

t=0

(1.3)

We are searching for solution T ( x, t ) of 1D - heat conduction equation
∂T
∂ 2T
− a 2 = 0,
∂t
∂x

(1.4)

assuming it obeys boundary (1.1), (1.2) and initial (1.3) conditions. Here a = λ c ρ , and ρ is
the density of a body.
2. Method of solution
After sufficiently long period of time one can expect that the temperature field inside a body
becomes stationary (if T1 ≠ T2 ). Then

∂τ
= 0.
∂t

In this state

d 2τ
=0
dx 2

(2.1)

Solution of this equation obeying boundary conditions is

τ ( x) =

T1 ( l − x ) + T2 ( l + x )

(2.2)

2l

Solution of non-stationary heat conduction equation we write down as a sum of two functions

T ( x, t ) = Θ ( x , t ) + τ ( x )

(2.3)

Then the boundary conditions for the function.

Θ ( x, t ) = T ( x, t ) − τ ( x ) are:

(2.4)

Θ ( x = −l , t ) = T ( x = −l , t ) − τ ( x = −l ) = T1 − T1 = 0

(2.5)

Θ ( x = l , t ) = T ( x = l , t ) − τ ( x = l ) = T2 − T2 = 0

(2.6)

and the function Θ fulfils the initial condition
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Θ ( x, t = 0 ) = T ( x, t = 0 ) − τ ( x ) = −τ ( x )

(2.7)

It is easily to show that the Θ function is also a solution of the heat conduction equation
∂Θ
∂ 2Θ
−a 2 =0
∂t
∂x

(2.8)

(see Appendix).
We have obtained the solution given by the formula (A.16a) in Appendix. Using that solution
at
and introducing new dimensionless variables: time θ = 2 - (this variable gives the time value
l
t in the new time unit characteristic for a given sample - namely ⎡⎣l 2 a ⎤⎦ ) - and the space

x
,
l
expressed as follows

ξ=

coordinate

T (ξ , t )

τ (ξ )

=

1

∞

∑ ( -1)
τ (ξ )
n =0

−1 < ξ < 1 . Then considering (A.16a) relative temperature can be

n

⎡
⎛ ( 2n + 1) + ξ ⎞
⎛ ( 2n + 1) − ξ ⎞ ⎤
⎢T1erfc ⎜
⎟⎥ +
⎟ + T2 erfc ⎜
2 θ
2 θ
⎠ ⎦⎥
⎝
⎠
⎝
⎣⎢

⎛ ( 4n + 3) − ξ ⎞ ⎤
(T1 − T2 ) ∞ ⎡ ⎛ ( 4n + 3) + ς ⎞
⎢erfc ⎜
⎟⎥
⎟ − erfc ⎜
∑
τ (ξ ) n =0 ⎢⎣
2 θ
2 θ
⎠ ⎥⎦
⎝
⎠
⎝

(2.9)

where

τ (ξ ) =

1
(T1 (1 − ξ ) + T2 (1 + ξ ) )
2

is the local (at point ξ ) steady temperature

(2.10)

One can draw 3D graph of this relative temperature function in good approximation
accounting few first terms from infinite series.
The relation (2.9) shows that one of the simplest cases occurs when temperature at both
border planes is the same T1 = T2 and one measures the time development of temperature in
the middle of the specimen at x = 0 . In this case dimensionless temperature is
T (ξ = 0, θ )
T1

∞
⎛ ( 2n + 1) ⎞
n
= 2∑ ( -1) erfc ⎜
⎟
n=0
⎝ 2 θ ⎠

(2.11)

In our approach influence of thermal contact at the border plane is neglected and strictly
speaking a heat flow exists along x - axis only. Approximately, this flow prevails so that the
heat losses trough cylinder jacket (of a cylindrical sample) during time of measurement
temperature is negligible.
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3. Universal theoretical temperature dependence on dimensionless time

Now, we want to use the local time development of temperature mentioned above to measure
diffusivity a of a solid body and measurement to execute in relative short period of time. 1
If one restricts himself by the first six terms of the series in (3.2) 2
∞
⎛ ( 2n + 1) ⎞
n
= 2∑ ( -1) erfc ⎜
⎟
T1
n=0
⎝ 2 θ ⎠
⎛ 0.5 ⎞
⎛ 1.5 ⎞
⎛ 2.5 ⎞
⎛ 3.5 ⎞
⎛ 4.5 ⎞
⎛ 5.5 ⎞
f (θ ) = 2erfc ⎜
⎟ − 2erfc ⎜
⎟ + 2erfc ⎜
⎟ − 2erfc ⎜
⎟ + 2erfc ⎜
⎟ − 2erfc ⎜
⎟
⎝ θ⎠
⎝ θ⎠
⎝ θ⎠
⎝ θ⎠
⎝ θ⎠
⎝ θ⎠

T (ξ = 0, θ )

(3.1)
and draws a graph of f (θ ) function (in program Mathematica 4) then can see that it rises
relatively steep in an interval 0 < θ < 2.5 and approaches close to the equilibrium value of the
temperature T1 . This curve does not depend either on dimension of the sample or on
diffusivity a.
1
0.8
0.6
0.4
0.2

0.5

1

1.5

2

2.5

3

θ

Fig. 2
The dimensionless time variable was introduced as θ = at l 2 . It was already said that
quantity l 2 a can be taken for a proper “unit of the tine” of the particular sample. If we
would dispose a sample for which this quantity would be l 2 a = 1 then θ would be equal to t,
θ =t.
That quantity l 2 a is characteristic for transition of the particular sample into the equilibrium

l 2 a is approximately equal to “the time of

state with temperature T1 . The order of
transition” tr ∼ l 2 a .
1

One can examine behavior of derivative log T with respect to diffusivity a (like in [3]) which characterizes
sensibility of temperature to a change of diffusivity.
2
Behavior of a member of this infinite series is discussed in [1] and [2].
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The temperature T is less then or equal to T1 . If we choose the value of T (θ ) then the ratio
T (θ )

(3.2)
f (θ )
T1
is known.
The eq. (3.2) determines coordinate θ c of the intersection point which coordinates are
⎡
T⎤
⎢θ c ,
⎥
T1 ⎦
⎣

(see Fig.2)

(3.3)

For example coordinates of the intersection point of that line T T1 = 0.95 with the curve (3.1)
are [θ c , T T1 ] = [ 1.314, 0.95] . It holds

θc =

a
λ
t
t=
2
l
cρl 2

(3.4)

In the relation (3.4) the values of θ c and l are known but the diffusivity a and corresponding
time t are unknown. So we need to have one more formula connecting these four quantities.
It follows; we shall be searching for this formula.

4. Determination of diffusivity using experimental local time development of temperature

Let us assume that temperature dependence on time t at x = 0 is known from experiment
T ( x = 0, t )
T1

= f exp ( t )

(4.1)

Parameters a and l do not appear in the function f exp ( t ) explicitly. If this experimental curve
will coincide nearly with theoretical (3.1) (after substitution θ = at l 2 in it), in an interval of
time <0, tm> then one can find from experiment the value tc and using the formula (3.4)
calculate the diffusivity a (or thermal conductivity λ assuming ρ cl 2 is known). Then - with
respect to (3.4) – it holds

a = l2

θr

(4.2)

tr

From Vretenar`s measurement [3] on SiC sample which length was 2l = 2.84 mm, we take
values of a = 21.2 × 10 −6 m 2 s −1 and thermal conductivity λ = ac ρ = 46.187 Wm-1K -1 (where
the values ρ = 3242 kg.m-3 and c = 672 J.m -1 .K -1 were accounted). We do not dispose of this
experimental curve f exp ( t ) . Nevertheless; we try to show that above presented method of
determination diffusivity really works in this case.
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Using some of these data we are going to test our approach to determine a. We put
again T T1 = f exp ( t ) = 0.95 . Then that eq. determines the time coordinate tc .

1
0.8
0.6
0.4
0.2

0.05

0.1

0.15

0.2

t

Fig.3
Fig. 4 depicts dependence of T ( x = 0, t ) T1 given by (3.1) on the time (in seconds). This
at 21.2
t in (3.1). That curve supplies
=
l 2 1.422
experimental one f exp ( t ) . We are looking for such value of the time t for which value of
curve we have obtained by inserting

θ=

“experimental function” is equal to 0.95 and that value equals to tc = 0.125 s . (It is very short
time to gain experimental data needed for determination of temperature development in
time.). Then we have obtained the value of diffusivity

a = l2

θr
tr

= (1.42 ) × 10−6
2

1.314 2 −1
m s = 21.196 × 10−6 m 2 s −1
0.125

This is in excellent agreement with Vretenar`s result
It seems to us that more suitable should be a longer sample. For ten times longer sample
2.84 cm the time tc should be hundred times bigger. In such a case it would be 12.5 s.
Now, we shall discuss shortly the case when T2 = 0 and ξ = 0 then
T (ξ = 0, θ )

τ (ξ = 0 )

=

T (ξ = 0, θ )
T1 2

∞
⎛ ( 2n + 1) ⎞
n
= 2∑ ( -1) erfc ⎜
⎟
n=0
⎝ 2 θ ⎠

(5.3)

This formula shows that temperature approaches its stationary (maximal) value T1 2 in the
plane at x = 0 in the same time interval as before (in the case when T1 was equal to T2 ). But at
that time the maximal value at x = 0 was T1 - twice as big as now.)
The more detailed analysis of the temperature field given by (2.9) offers further possibilities
for determining thermal parameters (see [3]).
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5. Conclusions

It is assumed that the time development of the temperature at the center plane at x = 0 of a
specimen is measured and consequently known. Then it is possible to draw a graph of
temperature dependency on the time T ( x = 0, t ) = T1 f exp ( t ) in a short time interval 0, tm
(tm represents a few ten seconds). tc represents the time lying in an interval 0, tm .
On the other hand the theoretical time dependence of the temperature is given by (3.1) (in the
same time interval). Then it is possible to find the value of θ c at which

T T1 = f (θ c ) = f exp ( tc ) holds. The diffusivity value of the sample is expressed by the
relation (4.2). We expect that by insertion this value of a as well as l in theoretical
temperature dependence (3.1) on time t it will coincide with experimental dependence f exp ( t ) .

APPENDIX

Indeed

∂ (Θ + τ )
∂t

−a

∂ 2 (Θ + τ )
∂x 2

=0

, and

∂τ ∂ 2τ
=
=0
∂ t ∂x 2

Laplace transformation of the Θ function ϑ ( x, s ) = L ⎡⎣Θ ( x, t ) ⎤⎦ fulfils the eq.
∂ 2 L {Θ }
∂ 2ϑ
⎧ ∂Θ ⎫
−
=
ϑ
−
−
τ
−
L⎨
a
s
x
a
(
)
(
) ∂x2 = 0
⎬
∂x 2
⎩ ∂t ⎭
This is ordinary nonhomogeneous differential eq. of second order

τ ( x)
d 2ϑ s
−
=
ϑ
a
dx 2 a
Further we shall denote
of the general solution

(A.1)

s a = k . Then, the general solution of this eq. is equal to the sum

ϑ0 = A0 exp ( kx ) + B0 exp ( −kx )

(A.2)

of the corresponding homogeneous eq. ϑ ′′ − k 2ϑ = 0 and of some particular solution ϑ of the
nonhomogeneous eq. ϑ ′′ − k 2ϑ = τ a .
To find particular solution ϑ the method of variation of parameters A, B was used

ϑ = A ( x ) exp ( kx ) + B ( x ) exp ( − kx )

(A.3)

This leads to expressions
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A( x) = −

T −T ⎞
1
⎛
exp ( −kx ) ⎜ kτ + 2 1 ⎟
3
2l ⎠
2ak
⎝

B ( x) = −

T − T ⎞⎞
⎛⎛
1
exp ( kx ) ⎜ ⎜ kτ − 2 1 ⎟ ⎟
3
2l ⎠ ⎠
2ak
⎝⎝

Then

ϑ=−

τ ( x)

(A.4)

ak 2

We have obtained the general solution of the nonhomogeneous eq. in form

ϑ ( x, s ) = A0 exp ( kx ) + B0 exp ( −kx ) −

T1 ( l − x ) + T2 ( l + x )
2alk 2

,

k= s a

(A.5)

This solution should satisfy transformed boundary conditions

ϑ ( x = −l , s ) = 0

(A.6)

ϑ ( x = l, s ) = 0

(A.7)

Thus, we obtain two eqs. for determination A0 , B0
T
A0 exp ( − kl ) + B0 exp ( kl ) − 1 2 = 0
ak
T
A0 exp ( kl ) + B0 exp ( − kl ) − 22 = 0
ak

(A.8)
(A.9)

witch solution is

A0 =

B0 =

exp ( −3kl ) ⎡⎣T2 exp ( 2kl ) − T1 ⎦⎤
ak 2 ⎡⎣1 − exp ( −4kl ) ⎤⎦

,

(A.10)

exp ( −3kl ) ⎡⎣T1 exp ( 2kl ) − T2 ⎦⎤

(A.11)

ak 2 ⎡⎣1 − exp ( −4kl ) ⎤⎦

Thus, the transformed solution satisfying transformed boundary conditions is

ϑ ( x, s ) = A0 exp ( kx ) + B0 exp ( − kx ) − ⎡⎣T1 ( l − x ) + T2 ( l + x ) ⎤⎦ 2alk 2 =
⎡⎣T2 − T1 exp ( −2kl ) ⎤⎦ exp ( − k ( l − x ) ) + ⎡⎣T1 − T2 exp ( 2kl ) ⎤⎦ exp ( −k ( l + x ) )
ak 2 ⎡⎣1 − exp ( −4kl ) ⎤⎦

− ⎡⎣T1 ( l − x ) + T2 ( l + x ) ⎤⎦ 2alk 2

(A.12)
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Using the expansion
∞
1
= ∑ exp ( −4nkl ) valid for 1 > exp ( −4kl )
⎡⎣1 − exp ( −4kl ) ⎤⎦
0

(A.13)

We can rewrite ϑ ( x, s ) as

ϑ ( x, s ) =

1 ∞ ⎡
∑ T2 exp ( − ( 4nl + l − x ) ) s a − T1 exp ( − ( 4nl + 3l − x ) ) s a ⎤⎦ +
s 0 ⎣
1 ∞ ⎡
∑ T1 exp ( − ( 4nl + l + x ) ) s a − T2 exp ( − ( 4nl + 3l + x ) ) s a ⎤⎦ −
s 0 ⎣
1
⎡T1 ( l − x ) + T2 ( l + x ) ⎤⎦ ,
2ls ⎣

(A.14)

One can obtain the inverse Laplace transformation using following formulae L−1 [ϑ ] = Θ ( x, t )

(

)

⎡ exp −u s a ⎤
⎢
⎥ = erfc ⎛ u
L
⎜
⎢
⎥
s
⎝ 2 at
⎣
⎦
(see [1]) and
−1

⎡1⎤
L−1 ⎢ ⎥ = 1 ,
⎣s⎦

⎞
u
≥0
⎟ , holding for κ =
a
⎠

(A.15)

⎡ 1
⎤ 1
L−1 ⎢
⎡⎣T1 ( l − x ) + T2 ( l + x ) ⎤⎦ ⎥ = ⎡⎣T1 ( l − x ) + T2 ( l + x ) ⎤⎦ = τ ( x )
⎣ 2ls
⎦ 2l

it follows
∞ ⎡
⎛ ( 4n + 1) l + x ⎞
⎛ ( 4n + 1) l − x ⎞ ⎤
T ( x, t ) = ∑ ⎢T1erfc ⎜
⎟⎥
⎟ + T2 erfc ⎜
2 at
2 at
0 ⎢
⎝
⎠
⎝
⎠ ⎥⎦
⎣
∞ ⎡
⎛ ( 4n + 3 ) l − x ⎞
⎛ ( 4n + 3) l + x ⎞ ⎤
−∑ ⎢T1erfc ⎜
⎟⎥
⎟ + T2 erfc ⎜
2 at
2 at
0 ⎣
⎢
⎝
⎠
⎝
⎠ ⎦⎥

(A.16)

One can see that by the function T ( x, t ) the boundary conditions as well as the initial
condition are both fulfilled.
The last expression can be rewritten into the form
∞
⎛ ( 2n + 1) l + x ⎞
⎛ ( 2n + 1) l − x ⎞ ⎤
n ⎡
T ( x, t ) = ∑ ( -1) ⎢T1erfc ⎜
⎟⎥ +
⎟ + T2 erfc ⎜
2 at
2 at
n=0
⎢⎣
⎝
⎠
⎝
⎠ ⎥⎦
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∞

⎡

n=0

⎢⎣

⎛ ( 4n + 3 ) l + x ⎞
⎛ ( 4n + 3 ) l − x ⎞ ⎤
⎟⎥
⎟ − erfc ⎜
2 at
2 at
⎝
⎠
⎝
⎠ ⎥⎦

(T1 − T2 ) ∑ ⎢erfc ⎜

(A.16a)

Notice

In [2] p.101, formula (3.9) is introduced (without derivations) which gives the temperature
distribution in a slab −l < x < l with constant initial temperature V0 ≠ 0 and temperature at
border planes maintain zero (Fig. 4)
∞
⎛ ( 2n + 1) l − x ⎞
⎛ ( 2n + 1) l + x ⎞ ⎤
n ⎡
v = V0 − V0 ∑ ( −1) ⎢ erfc ⎜
⎟⎥
⎟ + erfc ⎜
2 at
2 at
n=0
⎝
⎠
⎝
⎠ ⎦⎥
⎣⎢

[2] p.101, f (3.9)

V0

−l

0

l

x

Fig. 4
We show that this is one special case of our formula derived above when T1 = T2 .
If we change V0 for → −T1 < 0 we obtain initial temperature well instead of initial
temperature barrier and then we shift the zero temperature down at −T1 we finally obtain
∞
⎛ ( 2n + 1) l − x ⎞
⎛ ( 2n + 1) l + x ⎞ ⎤
n ⎡
T ( x, t ) = v + T1 = T1 ∑ ( −1) ⎢erfc ⎜
⎟⎥
⎟ + erfc ⎜
2 at
2 at
n =0
⎠ ⎦⎥
⎝
⎠
⎝
⎣⎢

(A.17)
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Abstrakt:
During hydration and hardening, the concrete is gaining mechanical strength,
resistibility and chemical stability, while physical and chemical reactions are in
progress. Workability of concrete belongs to the crucial parameters. Concrete
should be workable, but not segregate or bleed excessively. Knowledge of the
rate of reaction between cementing materials and water (hydration) is important
to determine setting time and hardening. An electrical measurement technique
has been used to measure the electrical resistivity of cement paste at various
temperatures. The different hydration periods were identified from the electrical
resistivity curve, where inflex points mark the beginning and the end of a certain
period.

INTRODUCTION
Application of cement-based materials is extremely wide, ranging from stomatology to civil
engineering. Incubation time represents one of major parts of the so-called workability
corresponding to a time when hardening cement-based materials is formable and transportable to
required locations. Recent effort is oriented to prolongation of the incubation time (and, thus, also
of the workability) in terms of various types of additives retarding process of hardening. The study
of early stages of hardening of cement-based materials may give a clue.
As a typical example, an indispensable material in civil engineering - Portland cement - can
be considered. Portland cement is the most used and best known type of cement, it is a mixture of
calcium silicates (mainly tricalciumsilicates → 3CaO.SiO2 →C3S). If water is added to the cement,
the process of silicate hydration is triggered and the products are calcium-silicate-hydrate gel (the so
called CSH gel) and dihydroxide calcite are produced.
The process of hydration (see Fig. 1) starts with the addition of water. In the very beginning
liquid and cement grains are present, shortly after addition of water the so-called chemical stage is
in process. Ions from Portland cement are released into the solution and the coating gel appears
around the grains.
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Figure 1.
Hydration of Portland cement.

Next stage is the so-called induction period, the value of pH is increasing steadily and the
concentration of calcium ions together with CSH gel on the surface of grains is responsible for
decrease in the solubility of phases of Portland cement. The formation of ettringit is developed and
the hardening of cement is initiated. Finally, the fibrils of hydrated calcium silicate grow into a
cluster (for details, see, e.g. [3]).

HEAT EVOLUTION
Heat evolution of the hydration of cement may be divided into three stages – chemical stage,
nucleation and growth.
Q

WORKABILITY

QR

QL

τ

τCH
CHEMICAL
STAGE

NUCLEATION

N

t
GROWTH

Figure 2.
Heat evolution of hydration of cement paste (schematically).
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When the starting cementitious material is mixed with water (but also other kinds of liquids
may be used, for example in stomatology) a set of chemical reactions produces a significant amount
of heat released due to exothermal reactions and this amount of heat can be measured (for example,
using various modifications of calorimetric methods – see, e.g. [5]). Duration of these chemically
based reactions may be affected by different types of retarders (e.g. [6]). Beside of heat released
also a number of various charged objects (dominantly calcium ions, resp. hydroxyl groups [3]) are
intensively produced during this reaction kinetics. These ions play essential role in subsequent,
nucleation stage of evolution and form the so-called monomers – the building units from which the
product, solid phase is successively built up.
Indeed, the chemical stage of evolution is followed by the so-called incubation (or dormancy)
period when the pure chemical processes are slowly terminated and the first-order phase
transformation (solidification) starts within the metastable system. At a very first stage of
cementitious paste hardening, the sub-nanosized domains of a new, solid phase are formed via
sufficiently large fluctuations (the monomers are already present as a consequence the chemical
stage).
Number density of these newly-forming clusters is too low in order to influence the
magnitude of practically negligible total heat release within hardening system, which is clearly
visible in the heat evolution – no observable peaks or increases in Q. Thus, the calorimetry methods
are, in fact, inapplicable to obtain useful information on processes occurring in the cement paste
during incubation period. Nevertheless, the fact that the building units are charged with various
levels of mobility can be usefully utilized. Hence, time-change of electrical conductivity may be
straightforwardly related to the immediate stage of system evolution.
The beginning of macroscopic growth (and, thus, termination of incubation period) can be
characterized by dramatical change in the time-dependency of electrical resistance because of
appearing of the massive clusters with relatively low mobilities. This process is accompanied by
increasing release of the latent heat QL.

MODEL
Duration of incubation period, τN, can be estimated using following path. Due to chemically
based process of solvation of the cementitious material in water, various types of charge carriers
(monomers Ca2+, OH-, etc.) are released and free to move within the system. Due to chemical
reaction and physical processes occurring within hardening cementitious paste, a number density of
ions changes with time logically followed also by the change of electric properties of the system. In
particular, temporal dependency of electrical resistance (resp. conductivity) may be closely related
to τN.
For this purpose, we have measured electrical resistance of hardening cement paste. We
used the cement CEM type II 32,5 produced by HeidelbergCement Group (chemical composition of
cement paste is collected in Tab. 1). There exist many methods how to measure electrical resistance
in cement-based materials (e.g. [7] - [10]).
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Tab. 1. Chemical composition of cement paste
Chemical

weight

SiO2

2.27

Fe2O3

0.62

Al2O3

25.36

CaO

4.12

MgO

6.90

SO3

55.40

We used a relatively simple set-up for measuring electrical resistance (see Fig. 3). Typical
data obtained by the set-up are shown in Fig. 4, where time-dependency of resistance was measured
for cement paste with water to cement ratio 0.5 at temperature 21.8 °C (water to cement ratio is
amount of water related to the amount of cement).
REGULATED
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Figure 3.
Scheme of applied electric set-up.
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Figure 4.
Typical temporal dependency of electrical resistance of cement paste (w/c = 0.5; T= 23.8°C).
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Formation of clusters in material is a consequence of fluctuations. If the classical Boltzmann
theory from statistical physics is applied to the process of cluster formation, it can be found out that
the probability of appearing of a cluster consisting of n-building units can be expressed as follows:
 ∆G (n) 
,
Pr(n) ≈ exp −
kT 


(1)

where k is Boltzmann constant, T is the temperature, and the ΔG is the change of Gibbs
potential given by (see, e.g. [4])
2

∆G = −n ⋅ ln S + γ ⋅ σ ⋅ n 3 ,

(2)

where n is number of monomers in the newly-forming cluster, S is given supersaturation of
the system (water + cement), σ represents surface energy between cluster and its environment and
γ expresses geometrical shape of the cluster (plot of ΔG versus n is on Fig. 5). ΔG reaches
maximum at the moment when the newly forming clusters have the critical size nC. When the
cluster consists of n particles and n is less than nC, then dissolution takes place; otherwise, the
cluster tends to grow.
ΔG
ΔGc

nc

n

Figure 5.
Plot of ΔG versus n.

The critical size of cluster can be derived from extremum condition for ΔG to be:
 2γσ (T ) 
nc = 
 3 ln S  .
3

(3)

RESULTS AND DISCUSSION
Crucial quantity entering above relationship, dividing the unstable (undercritical) and stable
(supercritical, growing) regimes of evolution via nC is temperature dependent surface energy σ(T)
between solid cluster and original liquid phase. It can be found in standard books on physical
chemistry [3] that surface energy σ usually decreases with increasing temperature and vanishes at
equilibrium temperature TM. Dependency of nC versus temperature can be derived from formula
for the critical size of cluster. Since σ decreases with increasing temperature, taking into account
eq. (3), following behavior of nC (as a function of T) may be assumed for given supersaturation:
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Figure 6.
Dependencies of σ , resp. nC on temperature T.

The newly-forming cluster becomes stable and growable when overcross the so-called
nucleation barrier ∆GC (corresponding to ∆GC at critical size nc) that can be determined from
relationships (2), resp. (3) to be:
4γ 3
(4)
σ 3 (T ) ,
∆GC =
27(ln S ) 2
Or, with given supersaturation
∆GC = const. σ 3 (T ) .

(5)

Consequently, with increasing temperature T the nucleation barrier decreases (as it follows
from the Fig.6 and formula (4)). Thus, the boltzmannian probability (1) defining, in fact, a boundary
separating unstable and growable states strongly depends on temperature dependent surface energy
of cluster.
 const. σ 3 (T ) 
(6)
Pr(n) ≈ exp −
.
kT


In other words, the higher temperature T, the higher probability of formation of a new,
growable cluster (usually called nucleus [11]).
In standard nucleation theory, the number density of supercritical nuclei formed within unit
volume per unit time corresponds to nucleation rate (see, e.g. [12]-[15]), while time-integral of this
quantity (integral flux) expresses “intensity” of early stage of the phase transformation and becomes
time-independent from a certain time defining incubation time of nucleation [15]. From this
moment, intensive growth of a new phase begins and critical (resp. supercritical) clusters present in
system dramatically increase their sizes. Moreover, due to change of viscosity (as a consequence of
increasing density of solid phase within liquid one!) the mobility of charge careers (Ca2+, reps. OHions) markedly decreases resulting in dramatical increasing of electrical resistivity of hardening
cement paste. We relate this moment to incubation time of nucleation. Then, utilizing our
measurements of temporal dependency of electrical resistance at various temperatures (but for fixed
w/c ratio) we obtain from inflex points of these curves the following influence of temperature on
induction period τN of nucleation:
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Figure 7.
Temperature dependency of induction period (w/c=0,5).

Summarizing, in terms of temporal behavior of electrical resistance the rate of evolution of a
very first stage of solidification (i.e., nucleation) within cementitious materials can be indirectly
estimated. The crucial role is played by surface energy of newly-forming cluster which modulates
the height of nucleation barrier and separates the unstable and growable regimes of system.
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Model as a image of real experiment
Heat equation:

cρ

∂T
= ∇ · λ∇T
∂t

(1)

Initial and boundary conditions:

adequate to the experimental setup

(2)

Solution:

T (t, r)∼ TEXP (t, r)
c ... Specific heat capacity
ρ ... Density
λ ... Thermal conductivity
1
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Specification of the problem

•The parameters are temperature independent ⇒Linearisation of the problem
•The sample have certain symmetry ⇒Possibility of spatial dimension reduction
•The heat source is external ⇒Time dependent boundary conditions

Used methods
•Laplace transform for time dependence
•Specific integral transform for spatial dependence
•Superposition method
2
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Solved models - 1D

1. Ideal model. Instantaneous planar heat
source placed between two semiinfinit samples. The
thermal contact of heat source and samples is ideal .
Heat equation:

∂ 2T
1 ∂T
=
k ∂t
∂x2

(3)

T (0, x) = 0

(4)

Initial condition:

Boundary conditions:
˛
∂T ˛˛
−λ
= q1(t)
˛
∂x ˛

(5)

x=0

3
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T (t, ∞) = 0
"
Solution

T (t, x) = T0

−u2
e√
πu

x
u= √
2 kt

(6)

#

− Φ∗(u)

T0 =

qx
λ

T ... temperature
t ... time
x ... Cartesian coordinate
q ... heat flow density at source
1(t) ... Heaviside unit step function
λ ... thermal conductivity
k ... thermal diffusivity
C ... heat capacity per unit area of source
αs ... heat trasfer coefficient for sample - heat source interface
Φ∗(u) is the complementary error function .
4
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2. Slabs - symmetric disposition
Boundary conditions:
˛
˛
∂T ˛˛
˛
−λ
= αs(Ts − T ˛ )
˛
x=0
∂x ˛

(7)

x=0

˛
∂Ts
˛
+ αs(Ts − T ˛ )
q1(t) = C
x=0
∂t

(8)

(9)

T (t, L) = 0
Solution

n

T (t, x) = T0 (1 −

x
L)

+ 2a

P

− kt2 ν 2
e L

ν

×

o
ν sin(ν x )−(a−bν 2 ) cos(ν x )
L
L
ν 2 [b2 ν 4 −(2ab−b−1)ν 2 +a(a+1)]

5
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qL
T0 =
λ

λL
a=
Ck

λ
b=
Lαs

Ts ... temperature of heat source
L ... thickness of sample
C ... heat capacity per unit area of source
αs ... heat transfer coefficient of source - sample interface
ν is a root of equation
2
(a − bν ) cos ν − ν sin ν = 0

6
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T |x=−L1

3. Slabs - asymmetric disposition
Boundary conditions:
˛
˛
˛
∂T ˛˛
∂T ˛
+λ
= 2q1(t)
−λ
˛
˛
˛
˛
∂x
∂x
x=0+
x=0−
(10)
T |x=0+ − T |x=0− = 0
(11)
= T |x=L2 = 0
(12)

Solution

T (t, x) =

√
2q kt
λ

h −u2
j e√ j
(−1)
π
j=−∞
∞
P

∗

− uj Φ (uj )

i

||x| + 2Lj + 12 (L1 − L2)[1 − (−1)j ]|
uj =
√
2 kt
7
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L1, L2 ... thicknesses of samples
L = 12 (L1 + L2)
2q ... sum of heat flow densities at source

4. Sandwich disposition

Boundary conditions:

˛
∂T ˛˛
−λ
˛
∂x ˛

x=0+

˛
∂T ˛˛
+ λ0
˛
∂x ˛

T (t, −∞) = 0

(13)

T (t, ∞) = 0

(14)

= 2q1(t)

(15)

x=0−
8
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T |˛x=0+ − T |x=0−˛ = 0
∂T ˛˛
∂T ˛˛
+ λ0
=0
−λ
˛
˛
˛
∂x ˛
∂x
x=h−
x=h+
T |x=h− − T |x=h+ = 0

(16)
(17)
(18)

Solution

T13(t, x) =

T0 =

qh
λ

uj =

1
2 )h

(n +
√
kt

h −u2
∞
j
γ P j e
T0 u
δ √π
0 j=0

,

∗

− uj Φ (uj )

!2

2

γ=
1+

λ0
λ

i

q

,
k
k0

1−

λ0
λ

q

k !2
k0

1+

λ0
λ

q

k
k0

δ=

h ... thickness of the sample
λ0 ... reference thermal conductivity
k0 ... reference thermal diffusivity

9
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Solved models - 2D
5. Semi-infinite cylinder

Heat equation:

1 ∂T
∂ 2T
1 ∂ ∂T
=
+
r
k ∂t
∂x2
r ∂r ∂r

(19)

T (0, x) = 0

(20)

Initial condition:

10
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Boundary conditions:

˛
∂T ˛˛
−λ
˛
∂r ˛

˛
˛
˛
= αT ˛
˛

r=R

(21)

r=R
˛
∂T ˛˛
−λ
= q1(t)
˛
∂x ˛
˛ x=0
˛
˛
T˛
=0
˛

(22)

(23)

x=∞

Solution

T (t, x, r) =

F (u, v) = e
qx
T0 =
λ

−2uv

T0 R
x

∗

P
ξ

J0 (ξ r )
β
R F (u, v)
ξ(ξ 2 +β 2 ) J0 (ξ)

Φ (u − v) − e

Rα
β=
λ

2uv

x
u= √
2 kt

∗

Φ (u + v)
√

kt
v=ξ
R
11
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x ... axial space coordinate
r ... radial space coordinate
R ... radius of the sample
q ... heat flow density at source
α ... heat trasfer coefficient for sample - ambient interface
ξ is the root of the equation
βJ0(ξ) − ξJ1(ξ) = 0

12
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Solved models - 3D

5. Finite cuboid

Heat equation:

1 ∂T
∂ 2T
∂ 2T
∂ 2T
=
+
+
2
2
k ∂t
∂x
∂y
∂z 2

(24)

T (0, x, y, z) = 0

(25)

Initial condition:

13
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Boundary conditions:

˛
∂T ˛˛
=0
˛
˛
∂x
˛ x=0
˛
∂T ˛˛
˛
−λ
= αT ˛
˛
x=a
∂x ˛
x=a
˛
∂T ˛˛
=0
˛
∂y ˛
˛ y=0
˛
∂T ˛˛
˛
−λ
= αT ˛
˛
y=a
∂y ˛
y=a
˛
˛
˛
˛
T˛
= T˛
=0
z=−L1
z=L2
˛
˛
˛
˛
T˛
= T˛
z=0+
˛
˛ z=0+
∂T ˛˛
∂T ˛˛
+λ
= 2q 1(t)
−λ
˛
˛
∂z ˛ +
∂z ˛ −
z=0

(26)
(27)
(28)

(29)
(30)
(31)
(32)

z=0

14
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Solution:

T (t, x, y, z) =

T0 w2

∞ P
∞
P
n=1 m=1

bn bm
vnm ϕn

“ ” “ ” P
i
∞ h
y
x
F (u1j , vnm) − F (u2j , vnm)
a ϕm a

s
ϕn(s) =
−2uv

j=−∞

2β
2

β + sin µn
∗

cos(µns)
2uv

∗

F (u, v) = e
Φ (u − v) − e Φ (u + v)
√
q
aα
kt
sin(µn)
qa
2
2
T0 =
, β=
, w=
, vnm = w µn + µm, bn = ϕn(0)
λ
λ
a
µn
|z + 4Lj|
||z| + 4Lj + 2L1|
u1j =
u2j =
√
√
2 kt
2 kt
z ... axial space coordinate
L1 ... length of left sample
L2 ... length of right sample
15
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L = (L1 + L2)/2
x, y ... transversal space coordinates
2a ... transversal size of the sample
q ... heat flow density at source
α ... heat trasfer coefficient for sample - ambient interface
Φ∗(u) is the complementary error function
µn are the roots of equation
β cos µ − µ sin µ = 0
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Thermal decomposition of waste polymers
J. Haydary, Z. Koreňová, Ľ. Jelemenský, J. Markoš
Institute of Chemical and Environmental Engineering, Faculty of Chemical and Food
Technology, Slovak University of Technology, Radlinského 9, 812 37 Bratislava, Tel.: ++421
2 59325265, E. mail: juma.haydary@stuba.sk

ABSTRACT
In this work the thermal decomposition of elastomeric polymers was studied. The pyrolysis of
scrap rubber samples was carried out under nitrogen atmosphere over a temperature range of
20-800 oC using a heating rate of 5 oC/min. Thermogravimetric (TG) and Differential
Scanning Calorimetric (DSC) curves of rubber samples are discussed. The DTG curves show
two different peaks corresponding with the decomposition of different components presented
in the rubber blends. Using thermogravimetric data the kinetic parameters of thermal
decomposition were estimated.
Key words
Thermal decomposition, pyrolysis, kinetic of pyrolysis, scrap tyre, waste rubber

1. INTRODUCTION
The excellent properties of polymeric materials let them penetrate in all spheres of human
life; now they are completely irreplaceable and absolutely necessary for people. However,
these excellent properties represent at the same time a disadvantage of these materials: they
are not quickly decomposed under the influence of the environment aggressive factors as
light, heat, atmosphere gases, microorganisms and continue to exist in the form of a longliving waste, inflicting an irreparable damage to the nature.
As though namely people manufacture polymeric materials to satisfy their needs, they also
have to protect the nature from a negative influence of synthetic materials. Therefore, to
continue using of polymeric material growing volumes, mankind have urgently develop
effective methods of polymeric materials utilization and disposal.
In EU the optimum waste management strategies are now becoming key political targets,
reflected by the high level of investment in both demonstrating and integrating existing
technologies, and the development of fundamental research into new ideas. European
legislation and public pressure are furthermore adding weight to the need for a sustainable
solution in the very near future.
Thermoplastic such as polyethylene (PE), polypropylene (PP), Polyethylene terephthalate
(PET), polyvinyl chloride (PVC), polystyrene etc.) are not croslinked and usually we can they
remould by simple thermal treatment. PET bottles, PE and PP coats and bags, PVC carpets,
Polystyrene foams and many others are the examples of wastes made from thermoplastics.
Wide application of polymers for polyvinylchloride window block construction have set a
new target - utilization of these window blocks after 20 years of their operation.
The three main methods of plastic recycling are:
- Mechanical Recycling, the re-processing of the plastic materials into new products.
- Feedstock Recycling, the processing of plastics into basic chemicals.
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Energy Recovery, the recovery of valuable energy from waste plastic through
incineration.
Pyrolysis offers an alternative way of polymer recycling and a solution for recycling
thermoplastics, for that other recycling methods are not effective. Recycling of polymers by
pyrolysis could be an environmentally and economic attractive method. Pyrolysis belongs into
feedstock recycling methods. Feedstock recycling is defined as a change in the chemical
structure of the material, where the resulting chemicals are used for another purpose than
producing the original material.
Used tyres and other elastomer wastes create a considerable part of croslinked thermoset
polymeric wastes. Thermoset polymers cannot be simply recycled by heating and remoulding,
however, a number of methods for their recycling are known [1]. Generally tyre recycling
methods can be divided by the same scheme as plastic recycling:
Due to crosslinked structure of rubber vulcanizates, pyrolysis seems to be the most effective
way for tyre recycling. In a pyrolysis reactor the shredded tyres are decomposed into pyrolysis
products received in all three phases: solid char (30-40 wt%), liquid residue (50-60 wt%), and
gases (3-20 wt%) [1].
Studying thermal decomposition of polymers in laboratory scale apparatuses let us more
understand the mechanism of the pyrolysis process leading to the process optimisation.
In this work thermal decomposition of elastomeric polymers is studied. The TG
(Thermogravimetric) and DSC (Differential Scanning Calorimetric) curves of different rubber
samples are analyzed.
2. EXPERIMENTAL
Materials and samples
Rubber samples prepared from two parts (side wall and tread) of a used MATADOR
passenger car tyre for TG and DSC analysis.

Sample from
the tread
Sample from
the side wall

Figure 1: Degradation temperature region during rubber pyrolysis

Experimental method
The simultaneous TG/DSC analyser NETZSCH STA 409PC, was used for both
thermogravimetric and differential scanning calorimetric analyses performed simultaneously.
The weight of the sample war around 50 mg. As inert atmosphere for thermal decomposition
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0.99999 nitrogen with a total flow rate 40 ml/min was used. The behaviour of the thermal
decomposition was studied in a temperature range from 20 to 800oC using a heating rate of 5
K/min.

Figure 2: simultaneous TG/DSC analyser

3. RESULTS AND DISCUSSION
The behaviour of the thermal decomposition of rubber is generally studied by
thermogravimetric analysis. From the thermogravimetric analysis provided by various authors
[2][3] [4] results that more than one degradation temperature region during rubber pyrolysis is
recorded. As it is shown in Figure 5, our measurements sustain this fact.
The behavior of the TG and DSC curves of two different scrap tyre samples measured
simultaneously is shown in Figures 3 and 4. The TG curve of sidewall sample indicates that
its thermal decomposition begins at a temperature of 210oC and practically finishes at 510oC.
In the temperature range from 210 to 315oC volatile additives are released. From 315oC
probably also decomposition of NR starts, this suggest the derivative thermogravimetric
(DTG) curve of this sample (Figure 5). The DTG curve of the sidewall sample shows two
peaks one with an extreme at 370oC and one with an extreme at 445oC. By comparing these
values with the results of thermal degradation of individual types of rubbers in the literature
[5] (for NR 375oC, for SBR 445oC, and for BR 465oC), we see that the first peak corresponds
with the decomposition of NR and the second peak with the decomposition of SBR. However,
Seidelt et al. [5] reported, that SBR is decomposed in two steps. The first step starts at 360oC
and represents the release of styrene, and the second step represents the release of the main
butadiene decomposition product, 4-vinylcyclohexane,which starts at 420oC. For this reason
the first peak in DTG curve of the tyre sidewall can be caused also by a release of styrene
from SBR.
The DTG curve of the sample from the tyre tread (Figure 6) does not show clearly two peaks.
This curve, however, reveal the release of volatiles in the temperature range (200-330oC). The
only dominant peak with a maximum at 440 oC represents a release of SBR, which is in tyre
tread the main type of polymer.
The derivative differential scanning calorimetric (DDSC) curves of both samples (Figure 7)
show an endothermic character in general with one main endothermic peak, and also one
exothermic peak located before the main endothermic peak. This endothermic character of the
thermal decomposition was expected. The exothermic peak can be caused by oxidation of
released volatiles by oxygen liberated during the thermal decomposition or by some residual
oxygen in the apparatus due to its insufficient remove from the device. The heats of thermal
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decomposition calculated for the tyre sidewall and the tyre tread sample are 291 J/g and
324J/g, respectively.
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Figure 3: TG and DSC curves of tyre sidewall sample
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Figure 4: TG and DSC curves of tyre tread sample
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Figure 5: DTG curve of tyre sidewall sample
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Figure 6: DTG curve of tread sample
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Figure 7: DDSC curves of tyre samples

Kinetic properties of the scrape tyre thermal decomposition
Due to a very complex composition of rubber compounds used in the tyre and also due to
multiple unknown chemical reactions during the tyre decomposition, usually the kinetics of
this process is described by the use of experimental thermogravimetry data. The first order
reaction based on the Arrhenius theory is commonly assumed by researchers in the kinetic
analysis of data for tyre decomposition. The rate of decomposition may be expressed by:

dX
n
= k . (1 − X )
dt

(1)

The rate coefficient is calculated by the Arrhenius equation:

k = A.exp

⎛ E ⎞
⎜−
⎟
⎝ R.T ⎠

(2)

In this equation k is the rate constant; A is the apparent pre-exponential factor, E is the
apparent activation energy, n is the reaction order, R and T are the universal gas constant and
absolute temperature, respectively. The reaction conversion (X) was calculated according to
the following equation:

X =

m0 − mi
m0 − m final

(3)

where m0 is the initial sample mass, mi is the sample mass at arbitrary time and mfinal is the
final mass of the sample.
In the case of multistep decomposition, a multistep rate equation, which is a sum of individual
step's rate equations could be used (equation 4). However, estimating kinetic parameters from
this equation requires separation of thermogravimetric data into intervals for individual
reactions. This kind separation of thermogravimetric data is usually very difficult.
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s
s
dX
E
dX
(4)
= ∑ i = ∑ Ai exp(− i )(1 − X i ) n
dt
RT
i =1 dt
i =1
In equation 4 s represents the number of mass loss regions or decomposition steps.
The distance between the first and the second pyrolysis stage depends on the composition of
the tyre rubber. Due to a small distance between the first and the second pyrolysis stage of our
samples, we modelled the thermal decomposition as a single stage process. The parameters of
equation 1 and 2 were obtained using experimental thermogravimetric data and an
optimization programme developed in MATLAB.
In Table 1 are shown the estimated kinetic parameters and also for comparison kinetic
parameters obtained by other authors. Compared to results of other authors our results show
similar values of apparent activation energy and lower values of apparent per-exponential
factor.

Table 1: Kinetic parameters of the scrap rubber decomposition

Author
This paper, sidewall
This paper, tread
Leung and Wang [3]
Yang et al. [4]
Kim et al. [6]
Chen et al. [7]
Wiliams and Besler [8]

Activation energy
E (kJ/mol)
105.0
96.0
99.1-218.7
152 - 215
42.1 – 203.9
147.6-148.1
102.8-145.0

Pre-exponential factor, A
(min-1)
6.84x106
1.52x106
1.02x107-1.13x1017
8.82x109-3.89x1016
1.44x103- 2.04x1014
5.02x1010-7.57*1010
5.58x109-1.26x1010

Reaction
order, n
1
0.8
1
1-2
1.63-1.98
-

4. CONCLUSIONS
The TG, DTG, DSC and DDSC analyses of two different types of tyre rubber material were
investigated. The DTG curve of the sample from the tyre sidewall can be characterized by
two separate peaks with a maximum at 370 and 445oC, which correspond to a release of NR
and SBR. The DTG curve of tyre tread sample shows only one dominant peak, but the release
of volatiles also caused a deformation of this curve.
By analyzing DSC and DDSC curves the overall reaction heat of thermal decomposition was
estimated. Values of 291J/g for sidewall rubber and 324 J/g for tread rubber was calculated.
However, for both rubber materials also an exothermic peak was observed.
Acknowledgement: This work was supported by the Grant VEGA No. 1/4446/07 from the
Slovak Scientific grant Agency.
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Abstract
Behavior of four types of fiber reinforced cement based composites was studied
after thermal load up to 1000º C. As the reinforcement were used glass and PP
fibers, PVA fibers, aramid fibers and carbon fibers. The effect of thermal load on
the texture and composition of the samples was evaluated; behaviour of the used
fibers was compared. The moisture diffusivity of the loaded samples and the
reference sample (unloaded) was measured. It was found that three independent
degradation process take place when the composites are thermally loaded. The
effect of thermally unstable fibers (PVA, aramid) on moisture diffusivity is less
important than effect of the cement matrix thermal degradation.
Introduction
Fiber reinforced cement based composites are recently widely studied materials
because some better properties of them compared to conventional concrete. The
study of effect of elevated temperature on fiber reinforced composites is motivated
by possible damage of these materials by fire or other extreme conditions. It is
necessary to evaluate and predict behavior of fiber composites under elevated
temperature. Such behavior of conventional concrete is well known but here also
to fibers play a role. Many types of fibers were applied as concrete reinforcement;
four of them were studied within this work. The fibers differ in their ability to resist
to elevated temperature. This property joins to other concrete’s properties which
influence its behaviour under elevated temperatures.
Materials
The effect of elevated temperature was studied on four types of fiber reinforced
cement based materials (Tab. 1). Two types of matrix were used, cement CEM I
52.5 was used. Samples SC (alkali proof glass + polypropylene fibers) and K
(polyvynilacetate fibers) were mixed with low w/c ratio and added superplasticizer,
fine quartz sand was used as aggregates. Samples UC (carbon fibers) and T
(aramid fibers) were mixed with high w/c ratio and quartz and wollastonite were
used as aggregates. Small amount of microsilica was added to all materials.
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The measurements were performed by reference sample and by annealed
samples. The annealed samples were exposed to gradual temperature increase
up to 600, 800 and 1000° C during two hours, then left for next 2 hours at the
given temperature and then were slowly cooled down. All the specimens were
dried at 110° C before each measurement, hence the reference (unloaded)
samples are considered as loaded at 110° C.
Tab. 1 Composition of studied fiber reinforced cement composites (mass %).
SC

K

UC

T

54

54

40

36

0.33

0.32

0.85

0.9

3

3

2

4

40

40

17

17

Wollastonite

-

-

40

39

Glass 12 mm

3

CEM I 52.5
w/c
Microsilica
Aggregates
Quartz
Fibers
PP 30 mm

0.3

PVA 6+12 mm

1.8

Carbon

1

Aramid 1.5+6 mm

4

Experimental
The texture of studied materials was characterized by density ρ, bulk density ρb,
and pore size distribution. Density was determined by means of helium
pycnometer Pycnomatic (Porotec, Germany). Bulk density was calculated from
mass of dried sample and its geometrical volume (prismatic specimens were
used). These two values provide porosity and total pore volume Vp [1]. The pore
size distribution was determined by mercury intrusion porosimetry (MIP) by
instruments Pascal 140 and 440 (Thermo, Italy). The surface tension of mercury
was assumed to be 480 mN m-1 and contact angle 130˚.
The phase composition of SC samples was studied by X-ray diffraction analysis
(XRD) performed by means of X´pert PRO (PAnalytical, Netherland) instrument.
Data were evaluated by software Highscore 1.0d (PAnalytical, Netherland) using
database JCPDS PDF2 (International center for diffraction data, USA).
The apparent coefficient of moisture diffusivity κapp [m2 s-1] was determined by help
of imbibition experiment [2]. The content of water in sample (in kg m-2) was
recorded automatically and plotted as function of square root of time. The slope of
linear part of the dependence signed A was used to calculation of κapp as follows
(Eq. 1) where wsat is the saturated water content.
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κapp

 A 
=


 w sat 

2

(Eq. 1)

Results
The simplest way of observation of thermal degradation of cement based materials
is measurement of porosity upon thermal load (Fig. 1). The two types of matrix –
with low and high w/c ratio resulting to higher and lower porosity – are clearly
distinguished. The higher w/c ratio leads to higher content of gel pores. The
thermal load causes increase of porosity of all the tested materials, the slope is
roughly the same for each type of matrix, regardless the type of fibers.
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Fig. 1 Porosity of thermally loaded fiber composites.
In order to explain the increase of porosity of fiber reinforced composites, the
effect of thermal load on pore size distribution and composition of samples was
studied.
The XRD reveals that the thermal load induces two processes taking place in the
cement binder. Portlandit Ca(OH)2 decomposes to CaO and water vapor. The
equilibrium decomposition temperature of portlandit is 520° C but the process
probably starts at somewhat lower temperature. The decomposition of portlandit
causes the destabilization of phase equilibrium in hydrated cement binder which
leads, together with high temperature, to disintegration of binding CSH and CAH
structures and consequently to loss of their binding ability. The diffractograms of
loaded samples contain calcite CaCO3 (forms from CaO in air) and clinker
minerals (C2S, C3A etc.) as products of decomposed CSH and CAH hydrates. This
is the reason for the strength reduction of thermally loaded cement based
materials.
The results of pore size distribution measurements of loaded materials are
presented in Fig. 2 a and b. The general trends are of pore size distribution
evolution are similar in all of the materials. The pore system of cementitious
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materials is formed by three groups of pores. The smallest are gel pores formed in
cement binder. The second group is called capillary pores and the largest are
technological pores and voids.
The plots show that the volume of smallest (diameter 0.001 to 0.1 μm) pores – gel
pores – is reduced with increasing annealing temperature. It corresponds to the
XRD results; the gel structure decomposes to calcite and clinker minerals what is
accompanied by the sintering of the gel fine porous texture. At 1000° C are
practically all the gel pores gone. The diminishing of gel pores may be observed
also by measurement of specific surface area of the samples [3].
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Fig. 2 a Pore size distribution of SC (glass + PP) and K (PVA) composites.
The volume of capillary pores (diameter 0.1 to 100 μm) increases with the thermal
load. The explanation has to be searched in thermal dilation of individual
components of the materials. The initial (room temperature) quartz modification (αquartz, specific volume 0,378 cm3 g-1) converts reversibly at 573˚ C to β-quartz
(0,395 cm3 g-1). Another reversible modification change takes place at 867̊ C (β-
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quartz to β-tridymite; 0,442 cm3 g-1), thus quartz increases its volume by 17 %.
Wollastonite aggregates are less sensitive to temperature changes but at
approximately 850˚ C also wollastonite starts to change its volume, β-wollastonite
forms [4]. Eventhough these volume changes are reversible, they cause, together
with sintering of the binder, the loss of contact between the binder and aggregates
which results to formation of new, interconnected to each other, capillary pores
between binder and aggregates. The cracks formed between binder and
aggregates contribute to the lowering of strength and influences the moisture and
heat transport parameters of the material.
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Fig. 2 b Pore size distribution of T (aramid) and UC (carbon) composites.
The volume change of the largest pores in the studied materials may be explained
by assuming of different thermal stability of used fibers. Samples SC are
reinforced by glass fibers and small amount of PP fibers (0.3 %). The latter
obviously burn out at elevated temperature, but the glass fibers should keep their
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properties. It was indirectly proved by the MIP measurement (Fig. 2 a) where any
increase of the largest pores was not observed. The PVA fibers do not resist to
elevated temperature. This fact influences significantly the pore size distribution of
sample K (Fig. 2 a) where one observes high increase of volume of the largest
pores due to burn out of the PVA fibers. The aramid fibers (material T) are stable
up to cca 500˚ C where aramid decomposes. Again it has certain influence on the
increase of volume of the largest pore fraction in samples T (Fig. 2 b). At last, the
carbon fibers (UC) incorporated in cement matrix feature good thermal stability (at
least at the used experimental conditions) as well as the glass fibers.
One of the important properties which are highly influenced by the pore structure
of the material is moisture diffusivity. In fact, the moisture diffusion coefficient is
function of moisture content in the material. Within this work, the apparent
moisture diffusion coefficients κapp of studied materials were determined by means
of imbibition experiment [5]. The rate of water suction was found to be positively
dependent on volume of capillary pores. The reasonable linear fit provided
variation on well known Arrhenius plot; the logarithm of measured κapp was plotted
as function of reciprocal volume of pores of diameter 1 to 100 μm (Fig. 3). This
dependences fall into straight lines which are able to be described by
semiempirical Eq. 2. The meaning of constants A and B is not physically clear and
correct, but it may be assumed, that slope B depends on properties of the
material, such are its surface energy and morphology of the pore system.


B 
κapp = A ⋅ exp −

 V1−100 

(Eq. 2)
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Fig. 3 Measured values of apparent moisture diffusion coefficients plotted as
function of capillary pore volume.
Discussion
The characterization of pore system of the studied materials showed that three
independent degradation processes are taking place in the materials under
thermal load. The binder structure, formed by CSH, CAH and portlandit
decomposes thermally and converts to calcite and clinker minerals. The binder
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also sinters during the thermal load and the gel pores diminish. On the other hand
the aggregates expand during the annealing which causes the loss of contact
between binder and aggregates. The thermal decomposition of PVA and aramid
reinforcing fibers takes place which results to increase of volume of the largest
pore fraction. The carbon and glass fibers were found to be sufficiently stable
under the thermal load. The pore size distribution analysis revealed that
degradation processes of matrix (gel sintering and aggregates expansion)
influence the pore system more significantly than the degradation of thermally
unstable fibers. Moreover the channels formed after burn out of the fibers are too
large to contribute to capillary action. The thermal stability of fiber reinforced
composites could be enhanced by applying of principles used in production of
refractory cement: employing of aluminate cement and some aggregates with
lower thermally induced volume changes than quartz.
The experimentally determined apparent coefficients of moisture diffusivity were
correlated by volume of capillary pores found in the materials. Very simple
semiempirical equation describing this relationship was proposed. The physical
meaning of the constants in this equation has to be clarified in future.
Conclusions
Three independent degradation processes were identified in thermally loaded fiber
reinforced cement composites. The decomposition of cement binder was observed
by means of chemical changes as well as by parallel sintering of the gel structure.
When the samples were loaded at 1000˚ C the gel pores diminished completely.
The most important – from the point of view of transport properties – is the second
degradation process what is loss of contact between binder and aggregates due to
the thermal expansion of aggregates. It leads to formation of high amount of
interconnected capillary pores which enable intensive transport of liquid water
through the material. The decomposition of thermally unstable fibers (PVA,
aramide) is responsible for the formation of large channels in the composites, but
their contribution to enhanced transport of liquid water is negligible because of the
large diameter of these channels.Their contribution to vapor transport would be
more important.
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Abstract
This paper concerning the problem of analytical and numerical modelling of ‘thickness
effect curve’ under steady-state conditions for interactive optical media, where
simultaneous radiation and conduction heat transfer occurs. Considerations are
performed for a 1-D steady-state heat transfer model in an absorbing, emitting and
anisotropically scattering grey medium confined by grey surfaces. To find dependence
of the radiative thermal conductivity kr(l) on the sample thickness l, a finite difference
method (FDM) together with a discrete ordinate method (DOM) and the HenyeyGreenstein phase function were used iteratively.
Key words: radiative-conductive heat transfer, thermal conductivity, absorption,
emission and scattering of radiation, thickness effect curve, phase function
1 Introduction
The results of modelling and numerical simulation of the effect of reduction in thermal
conductivity k(l) for small thickness samples of semitransparent media in case when
enclosing the medium surfaces are grey and diffuse are reported. The subject of an
interest is isotropic and homogeneous material with thermal conductivity dependence
k(l) on the sample thickness l obtained as a result of measuring it under conditions of a
definite value (a few degrees) of the temperature difference ΔT between the heater T2
and the cooler T1 of the plate apparatus – Figs. 1÷2. The visible in Fig. 2 two points
marked as A and B correspond to the two different sample thicknesses lA and lB.
B

Fig. 1 The sample of thickness l between the
heater T2 and the cooler T1 of the plate apparatus

Fig. 2 Effect of reduction in thermal conductivity
k(l) in small thickness sample: k1 - conductive
component of thermal conductivity, k r (l ) = k (l ) − k1
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2 Analytical model
Let us assume that the material with different forms of the curve of thermal conductivity
k(l) dependence on the sample thickness l having also different values of the limiting
sample thickness lgr, above which the reduction of k(l) may be neglected, is considered.
The jump-like relation k(z), presented in Figs 3 and 4, shows the model dependence on
the thermal conductivity k(z) (for a given sample thickness l) [1] from which it follows
that k = k1 + kr where, in particular case, at z=0 and T=T1 we have k ( z = 0) = k1 .
Similarly, for the other side of the sample at z=l and T=T2 we have also k (z = l ) = k1
(Figs. 3 and 4). Each curve k(z) can be divided into three parts, the first and the third of
which correspond to the region from z=0 to z=lgr where k = k1 and from z=l-lgr to z=l
where k = k1 , too. The second corresponds to the region from z=lgr to z=l-lgr where
k = k2. Now it is possible to determine k(l) dependence for a sample divided into three
layers, where the thickness of the particular layer equals lgr, l-2lgr, lgr, respectively, by
solving the linear 1-D steady-state heat conduction problem for each of the particular
region [1]:
k1k2l
k1k2
k (l ) =
=
,
(1)
l gr
2l gr k2 + (l − 2l gr )k1
2 (k2 − k1 ) + k1
l
where lgr is a function of absorption coefficient a and sample thickness l. Then the
radiative heat flux density qr (l ) can be calculated from the following expression [1]:
(l − 2l gr )
dT (l − 2l gr )
T2 − T1
(2)
= (k 2 − k1 ) ⋅
q r (l ) = k r II
⋅
dz1
l
l
⎛ k2 ⎞ k2
(l − 2l gr )⎜⎜1 − ⎟⎟ + l
k1 ⎠ k1
⎝

Fig. 3. The model of dependence of k(z) (for the
sample thickness l) accepted for analytical
considerations [1]

Fig. 4. Plot of k(l) along different sample thickness
l with marked two points corresponding to the two
different sample thicknesses l1 and l2 [1]
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When the sample thickness l is getting closer to l=2lgr, the mean free path of photons
becomes comparable to the space between plates and some of the photons leaving the
hot surface manage to reach almost or actually the cold surface before they become
absorbed. In our opinion such a situation permits us to replace lgr with expression
′ = lgr 1 − e − a ⋅b⋅l , where b is a constant parameter [1]. After doing some algebraic
lgr

(

)

manipulations, one can obtain the following condition for the limiting thickness of the
sample lgr as well as for a new form of expressions for k(l) and qr (l ) [1]:

l gr =

k1
,
3ak1 + 4σ B n (T1 + T2 ) T12 + T22

k (l ) =

(

2

)

(3)

k1 (k1 + kr∞ )
l
−
⎞
l gr ⎛⎜
2 l gr ⎟
2
1− e
k +k
⎟ r∞ 1
l ⎜
⎝
⎠

⎡

(T2 − T1 )k (l )⎢k r∞ − k1 ⎛⎜⎜ k1 + k r∞
⎝ k (l )
⎣
q r (l ) =
l (k1 + k r∞ )

(4)

⎞⎤
− 1⎟⎟⎥
⎠⎦
,

(5)

(k (l ))l →∞ = k1 + kr∞ = k2 ,

(6)

16σ B n 2 1
(7)
k r∞ =
⋅ (T1 + T2 ) T12 + T22 ,
3a
4
where: σ B is the Stefan-Boltzmann constant ( σ B = 5.67 ⋅ 10 −8 W m −2 K −4 ), n is the
index of refraction, k1 denotes the conductive component of thermal conductivity [5-8].
Some preliminary calculations of k(l) and qr (l ) obtained both from the numerical
solution of the Radiative Transfer Equation (RTE – exact formulation) coupled with 1D heat conduction in an emitting-absorbing medium and from analytical model are
shown in Figs. 5 and 6 [1].
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Fig. 5. Thermal conductivity k(l) obtained from
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0

5

10

15

20

25
thickness l, mm

Fig. 6. Radiative heat flux density qr (l ) obtained
from RTE vs. analytical model [1]
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The biggest discrepancy between the precise numerical results and the given model
occurs when the conduction to radiation parameter N equals 0.02 [1]. It is not surprising
that in that case the biggest non-linearity of temperature distribution T(z) inside the
sample occurs along its thickness. It has to be underlined that all calculations and
analytical model have been made for emissivity of the walls ε1=ε2=ε=1. When the
surfaces enclosing the medium are grey and are diffuse reflectors, the results of
calculations which were made to include the influence of the surface emissivity on the
k(l) are illustrated in Fig. 7. In case of very low emissivity of the wall one can observe
that curves k(l) reveal characteristic inflexion in the range of small thickness of the
samples l corresponding to the maximum of curves qr (l ) . The analytical model takes
into account both inflexion of curves k(l) as well as maximum of qr (l ) . In the vicinity of
the sample surface the energy transferred by conduction is a larger fraction of the total
energy flux than in the region located farther from the walls. Thus temperature gradient
in the neighborhood of the walls increase with the decreasing emissivity, and therefore
the conductive flux in these regions becomes a larger fraction of the total energy flux. In
′ by the
′ and lgr
our opinion such situation permits us to replace l by l ′ = l + 2l gr

(

)

′ = lgr
′′ 1 − e − a ⋅l ′ [2]. Just like before performing some algebraic
lgr
rearrangements one can obtain the following condition for the limiting thickness of the
′′
sample lgr

expression

⎡
⎤
4σ n 2
l gr ⎢3a + B (T1 + T2 ) T12 + T22 ⎥
k1
⎣
⎦
1−
ε
2
−1
1−
ε
2−ε
′′ =
l gr
=
2a
2a
and a new form of expressions for k(l) and qr (l ) [2]:

(

k (l ) =

(

′′ 1 − e
G (l ) = l − 2lgr

− a ⋅l

)

(

′′ 1 − e
2l gr

− a⋅l

)

k1 (k1 + k r∞ )lG (l )
{(k1 + k r∞ )G (l ) − H (l )} + lH (l )

)

(8)

(9)

G (l )
−
⎛
⎞
ΔT
2l
⎜
, H (l ) = 2l gr 1 − e gr ⎟kr∞ + k1G (l ) , qr (l ) = (k (l ) − k1 )
(10)
⎜
⎟
l
⎝
⎠

Fig. 7. Plot of thermal conductivity k(l) and
radiative heat flux density qr (l ) along different
sample thickness l according to RTE calculations
with surface emissivity less than one [2]
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In order to verify the proposed method some preliminary calculations of k(l) and qr (l )
were carried out [2]. Dependencies of k(l) and qr (l ) on the sample thickness l obtained
from RTE and from analytical model are shown in Figs. 8 and 9. With the increase of
the parameter N the discrepancies between the analytical functions of k(l), qr (l ) and the
exact results decrease and for N=2 the errors are acceptable [2].
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Fig. 9. Dependence of qr (l ) obtained from RTE
and analytical model: ε1=ε2=ε = 0.5 or 0.04 [2]

3 Numerical model

A model of 1-D steady-state combined conductive-radiative heat transfer in the
absorbing, emitting and anisotropically scattering medium confined between grey
surfaces has been considered. To find the radiative thermal conductivity dependence
kr(l) (for a sample thickness l) and dependence of the radiative heat flux density qr (l )
upon the sample thickness l, a finite difference method together with the discrete
ordinate method and the Henyey-Greenstein phase function expanded into Legendre
polynomials have been used iteratively [3, 4]. The Henyey-Greenstein phase function
P(cos Θ) , where Θ denotes the scattering angle (angle between incident and scattered
direction of radiation), allows us to understand the influence of the asymmetry
parameter g on the shape of the scattering phase function [4]. When the asymmetry
parameter g increases, the anisotropic scattering radiation increases too and, at the same
time, the range of influence of scattering extends. Parameter of asymmetry g defines
forward scattering for g=1, backward scattering for g=-1 and isotropic scattering for
g=0. Other values of the asymmetry parameter g which belong to the interval g∈[-1; 1]
are also possible [3, 4]. In our considerations it is assumed that the conductive
component of thermal conductivity k1 = kc is constant. The radiative properties of the
medium such as the absorption coefficient a, extinction coefficient κ and index of
refraction n are also constant. The governing equation for a non-grey medium which
represents energy conservation in 1-D formulation of the coupled conduction-radiation
problem is given by [3, 4, 5-8]:
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d ⎛ dT ⎞ dqr ( z )
,0< z<l
⎜ kc
⎟=
dz ⎝ dz ⎠
dz
T ( z = 0) = T1 ,
T ( z = l ) = T2 ,

(11)
(12)
(13)

∞ μ = +1

q r ( z ) = 2π ∫

∫

I λ ( z , μ ) μ dμ dλ ,

(14)

0 μ = −1

μ

dI λ ( z , μ)
= aλ (μ) I b ,λ (T ( z )) − ( κ λ (μ)) I λ ( z , μ) +
dz
1 +1
+ ∫ σ s ,λ (μ' ) P (μ' → μ) I λ ( z , μ' ) dμ'
2 −1

(15)

0

I λ (0, μ) = ε1 I b ,λ (T0 ) + 2(1 − ε1 ) ∫ I λ (0, μ' )μ' dμ',

0 < μ ≤1

(16)

I λ (l , μ) = ε 2 I b,λ (Tl ) + 2(1 − ε 2 ) ∫ I λ (l , μ' )μ' dμ',

−1 ≤ μ < 0

(17)

−1
+1

0
∞

I b,λ =

C1
1
, I b (T ) = ∫ I b , λ (T )dλ = σ BT 4 ,
5
π
λ [exp(C2 / λT ) − 1]
λ =0
C1 = 1.19 ⋅ 10 −16 W ⋅ m 2 , C2 = 0.014388 m ⋅ K ,
κ(μ ) = a(μ ) + σ S (μ ) , μ = cos θ ,

(18)
(19)
(20)

where: I λ is the spectral radiation intensity, Wm-2; I b = n 2σ BT 4 / π stands for the
blackbody intensity, Wm-2; θ is the polar angle and σ s is the scattering coefficient, m-1
[5-8].
In order to elucidate the physics of the analyzed complex phenomenon of simultaneous
conduction and radiation in an emitting, absorbing and anisotropically scattering
medium confined between grey surfaces some preliminary calculations of kr(l) and
qr (l ) were carried out [3, 4]. The initial data for performing numerical calculations are
enclosed in Tab. 1. Data used in calculations were chosen in such a way that the impact
of albedo ω and the parameter of asymmetry g on kr(l) and qr (l ) thickness dependences
are visible. Finally the calculations were performed using 6 fluxes in the conductiveradiative heat transfer model. Six fluxes turned out, in this case, to be quite enough to
obtain an engineering accuracy of calculations [4]. The dimensionless conduction to
radiation parameter N=8 was taken big enough so as to avoid instability of numerical
calculations. The results of calculation are shown in Figs. 10÷13 [3, 4].
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Table 1. Data for performing numerical calculations of kr(l) and qr (l ) [3, 4]

κ = 1000 m −1 , k1 = kc = 0.1 Wm −1K −1 , ω ∈ [0;1], n=1, T1=280 K, T2=380 K, N=8

ε1 = ε 2 = ε = 1
ε1 = ε 2 = ε = 0.04
ω =∈ {0.0, 0.3, 0.5, 0.9, 1.0} , g=-0.8 or g=+0.8

(

)(

)

P (cos Θ ) = 1 − g 2 / 1 + g 2 − 2 g cos Θ
ε - emissivity of the walls,
ω = σ S / κ - single scattering albedo,

3/ 2

κ = a + σ S - extinction coefficient, m-1,
σ S - scattering coefficient, m-1
kr, W/(m*K)
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The most interesting situation occurs when anisotropic scattering is considered [3, 4].
The higher value of albedo ω the more important role plays the parameter of
asymmetry g. And so for ω = 0.3 the influence of the coefficient g on the kr(l) and qr (l )
dependencies is relatively small – Figs. 10÷13. The curves kr(l) are places below line l∞
- Figs. 10 and 12. For g = +0.8 that is for strong scattering the curves kr(l) are close to
16 n 2 σ B T *3
(where: T*=T2) marked as l∞ - Figs. 10 and 12
3κ
[3, 4]. For g = −0.8 curves kr(l) are significantly below the line l∞ [3, 4]. The situation
changes totally when the albedo is equal to ω = 0.9 . For g = +0.8 the curves kr(l) lie
significantly above the line l∞ [3, 4]. This case plays a fundamental role in real
experiment. It turns out that the values of radiative component of thermal conductivity
kr(l) may be measurable and the role of heat transfer by radiation, even in relatively low
temperatures, might be significant.

the values k max = k Ross =

4 Conclusions

The results of modelling and numerical simulation of the effect of reduction in thermal
conductivity k(l) in small thickness samples of semitransparent media have inspired the
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authors to develop a possible precise enough analytical and numerical model for the
abovementioned effect. It is worth noticing that the analytical model works qualitatively
well [1÷4]. In case of numerical evaluation the stress was put on the method of solving
the coupled radiative-conductive heat transfer problem using FDM to find temperature
fields along the layer thickness of considered material together with DOM to find the
radiation intensity which were used to calculate the source term appearing in the
governing equation of energy conservation. The analysis of the obtained numerical
results enabled to draw practical conclusions concerning the experimental
measurements with respect to the effect of reduction in thermal conductivity k(l).
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MOISTURE DEPENDENCY OF THERMAL CONDUCTIVITY OF CERAMIC
BRICKS
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Abstract:
Measurement of thermal conductivity moisture depencency of commonly
manufactured burnt clay bricks was performed using an impulse technique. The
relationships between microstructure and moisture dependency of thermal
conductivity were analysed. The using formely developed microstructural model
for the dry composite materials was disscussed and its modiffication was
suggested.
Keywords:
Thermal conductivity, moisture dependency, clay brick, porosity, model

INTRODUCTION
Porous building materials generally consist of solid, gaseous and liquid phase. The effective
thermal conductivity of the porous material depends on thermal conductivities of particular phases,
their volume portion, their distribution and interconnection.
Burnt clay bricks are common building material manufactured from the clay-sand mixture
(the portion of the sand can be from 30 to 50%). The burning takes place at temperatures 900 1000°C. Their microstructure is dependent of the particle size distribution, mineralogical and
chemical composition, type of burning additives and the way of burning [2, 3]. The thermal
conductivity of clay brick body can also vary depending on its factual mineralogical and chemical
composition.
In the previous works [5], [6] the relationship between the thermal conductivity and pore
structure parameters for dry CSH-based materials and ceramic bricks was analysed. It was found
out that in the first approximation the thermal conductivity of tested materials was proportional
inversely to the second power of their total porosity. It was also shown that the thermal conductivity
of the tested materials could be modeled by serial configuration of the high conductivity fraction
(solid phase fraction) and low conductivity fraction (pore volume fraction + interfacial transition
zone) weighted by the power function of their volume fractions. The exponents of the power
function were determined using the particular components fractal dimensions.
In the paper the moisture dependence of effective thermal conductivity of burnt clay bricks was
measured and analysed. In the first step the possibility of using the formely developed
microstructural model [5], [6] was investigated. For the more precise modelling of the moisture
dependence of thermal conductivity the lattice-type periodic model [9, 10] was used for an
expression of thermal conductivity of moist pore volume (including the interfacial transition zone).
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THEORY
Macroscopic thermal conductivity of composite material can be expressed using the thermal
conductivities of particular components.
Wiener bounds
The lower and upper limits of effective thermal conductivity of moist composite material can
be evaluated by Wiener bounds. Their derivation is based on assumption of strictly parallel or serial
setting of particular phases [13]. In case the material consists of three phases – solid, air and water
the Wiener upper bound is given by relation (1):
λ up = λ s ⋅ (1 − Φ ) + λ w ⋅ u v + λ a ⋅ (Φ − u v )

(1)

and the Wiener lower bound by relation (2):
λ low =

1

(2)

(1 − Φ ) u v (Φ − u v )
+
+
λs
λw
λa

Where λs, λw, λa are thermal conductivity of solid, water and air respectively, Φ is total porosity and
uv is volume portion of moisture content.
Microstructural model of effective thermal conductivity
For the continuous high conductivity components fractions with the discrete low continuity
components the macroscopic thermal conductivity can be modeled by the summation of particular
components:
(3)
λ = ∑ λ i ⋅ (Φ i − Φ i ,crit ) n
i

i

Where λi is thermal conductivity of component,
Φi is component volume fraction,
Φi,crit is the critical volume needed for a connected network to be formed through the material,
ni = 1+ FD,
FD is the fractal dimension of the component or pore volume fraction [5].
In case of parallel configuration of the components, ni = 1.
In case of discrete high conductivity components in the continuous low conductivity or pore
volume fractions the following relation can be applied:
λ=

∑

(Φ

1

− Φ i ,crit )

ni

i

(4)

λi
Where ni =1for serial configuration of the components, ni > 1 in case of dispersion of the low
conductivity component.
In the previous works [5], [6] the relations between the thermal conductivities of dry
composite materials and their total porosity were studied. The following empirical relation between
thermal conductivity and total porosity was found out for ceramic bricks and CHS based materials:
i
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λ=

1
Φ2
0.064

(5)

It was also shown that the thermal conductivity of the tested composite materials could be modeled
by serial configuration of the high conductivity fraction (solid phase fraction) and low conductivity
fraction (pore volume fraction + interfacial transition zone) weighted by the power function of their
volume fractions. It was supposed that the interfacial zone volume fraction represented 10% of the
total porosity in average [14]. As the thermal conductivity of low conductivity zone the value λlow =
0.064 W/m∙K, corresponding to the value measured for the pure CHS – xonotlite [4], was
considered. In this highly porous material the volume portion of solid phase is also about 10%. The
resultant thermal conductivities of dry material was given by following relation:
λ=

1
(1 − 1.1 ⋅ Φ )
λ high

n1

(6)

n2
(
1.1 ⋅ Φ )
+

λ low

The exponent of solid phase was estimated as n1 ≈ 1.0, the exponent of pore volume fraction was
estimated as n2 ≈ 2.7 [6].
Lattice-type periodic model
In case of two-phase system created by continuous medium with thermal conductivity λ0 and
dispersed phase with thermal conductivity λ1 and on condition that dispersed phase is created by
spherical particles of the same size and they are dispersed regularly the resultant relation for
effective thermal conductivity λef can be written as [9, 10]:
λ ef


 λ − λ0
= λ 0 ⋅ 1 + 3.844 ⋅  1

 λ 1 + 2λ 0

  Φ1
 ⋅ 
  Φ0





2/3





(7)

Where Φ1 is volume portion of dispersed phase and Φ0 is volume portion of continuous medium.
The equation (7) was derived on condition of simple cubic lattice, taking into account mutual
interaction of dispersed phase up to fourth neighbour. It is valid for case of small dispersion, i. e. on
condition that (Φ1/Φ0)2/3 lies between 0 and 0.4 [10]. When (Φ1/Φ0)2/3 lies between 0.4 and 1.0, the
effective thermal conductivity is given by relation (8) [10]:

λ ef


 λ − λ1
= λ 1 ⋅ 1 + 3.844 ⋅  0

 λ 1 + 2λ 0


   Φ 1
 ⋅ 1 − 
   Φ 0





2/3






(8)

Practically the same relation with slightly different coefficient (3.74 instead of 3.844) was derived
in [11] for case of cylindrical lattice structure. The relations (7) and (8) has been used in [10] for
expression of thermal conductivity of moist air in pore system of sand.

EXPERIMENTAL
The measurements were done for four types of burnt clay bricks.
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The pore size distribution, the open porosity and the specific surface area of pores were
studied using the mercury intrusion porosimetry (MIP): the high-pressure porosimeter mod. 2000
and macro-porosimeter mod. 120 (both Carlo Erba, Milan). This system enables determination of
micropores with the radius from 3.7 up to 7500 nm and of larger pores with a radius up to 0.06mm.
The porosimetry measurement was carried out by the fraction of broken dried (up to 105°C)
samples. Specific surface area of pores was determined using the cylindrical model.
The open porosity was also determined from the suction test.
The thermal conductivity was measured by transient pulse method using the commercial
device ISOMET 2104 with the surface probe API 210412. The used surface probe is suitable for
thermal conductivities in the range from 0.3 to 2 W/m∙K. The measurement is based on the analysis
of the temperature response of the practically semi-infinite body to the heat flow impulse. The heat
flow is generated by electrical heating using a resistor heater having a direct thermal contact with
the surface of the sample. The declared precision of the measurement is about 5%. The mean values
from five measurements were taken into account in analysis of results.
The interval of measured moisture contents of samples was form 0 to 9% (by volume). It
follows that for the considered materials the maximum volume fraction of moisture in pore space
was 0.23 and therefore the condition of small dispersion water in pore air was fulfilled. The samples
were moistened and conditioned for at least 24 days to achieve homogeneous moisture content
distribution. The moisture content was checked before and after measurement gravimetrically.

RESULTS AND DISCUSSION
The total porosity, specific surface area and pore radius median values, determined by MIP
[1] as well as the values of open porosity, bulk and true density are in Tab. 1. Because for the clay
bricks the values of open porosity and total porosity are practically identical [3], the values of open
porosity were used in the following analysis of the relationships between the thermal conductivity
and microstructure.
Table 1. Basic material parameters of tested bricks
Material

Brick D
Brick L
Brick P
Brick S

Bulk
density
[kg/m3]
1724
1710
1377
1426

Total porosity
(MIP)
[-]
0.28
0.50
0.43

Open porosity
(suction test)
[-]
0.3
0.33
0.42
0.44

True
density
[kg/m3]
2460
2550
2370
2590

Specific
surface area
[m2/g]
2.39
8.07
1.44

Pore radius
median
[nm]
559.1
535.1
542.9

In the first step of modelling the tested bricks thermal conductivity moisture dependence the
possibility of using formely developed microstructural model for the dry composite materials
(relations (5) and (6)) was tested. In case of moist bricks instead the total porosity the free porosity
– the difference between the total porosity and volumetric moisture content was used. In Fig. 1 the
relationship between the measured thermal conductivity and total / free porosity is compared with
the calculated values according relations (5) and (6). The considered thermal conductivity of the
solid phase λhigh (thermal conductivity of clay brick body with density equal to ca 2500 kg/m3 - see
Tab. 1) was about 1.5 W/m∙K [8]. As can be seen from the Fig. 1 the thermal conductivity / free
porosity dependence of the tested bricks can be in the first approximation expressed by empirical
relation (5) as well as by the serial model (6) similarly like in case of dry materials.
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The more detailed representation of the measured thermal conductivities of particular types of
moist bricks vs. their modeled values is shown in Fig. 2.
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measured (CHS based composites)

1.1
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1
0.9
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0.7
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Fig. 1 Thermal conductivities of clay bricks and CHS based materials vs. total / free porosity.
Comparison of the measured values with empirical approximation (5) and serial model (6)
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Fig. 2 Thermal conductivities of moist clay bricks vs. free porosity. Comparison of the measured
values with empirical approximation (5), serial model (6) and Wiener bounds
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As can be seen from the Fig. 2, in case of bricks D, L, P the measured values of clay bricks
are in a relative satisfactore agreement with the relations (5) and (6) up to the free porosity value ca
0.26. For the lower values of free porosity the relations (5) and (6) predicted values are in
contradiction with the upper Wiener bound (eq. 1). In case of S brick the measured values of
thermal conductivity were higher than the modeled. It could be partly caused by different
minearology and therefore thermal conductivity of S brick body.
The comparison of the measured and modeled thermal conductivities vs. moisture content are
presented in Fig. 3 and Fig. 4. In this comparison the thermal conductivity of solid phase λhigh =
1.05 W/m∙K for bricks D, P, L and λhigh = 2.5 W/m∙K for brick S was considered. The serial model
(6) coincides roughly with the measured values but it is not able to express the changing slope in the
effective thermal conductivity vs. moisture content dependency. Similar changing slopes were
noticed also by other authors – for example [10] for moist sands with porosity of 0.42 and 0.52,
[12] for moist sand with porosity of 0.3 or [7] for composite material with porosity of 0.32.
With the aim to get more precise description of the moisture influence on thermal
conductivity the above described lattice-type periodic model was used for thermal conductivity of
moist pore space (including interfacial zone) λm,low. Because the considered moisture contents fulfill
condition of small dispersion the relation (7) was used:

 λ − λ low
λ m ,low = λ low ⋅ 1 + 3.844 ⋅  w

 λ w + 2λ low

Effective thermal conductivity [W/mK]

1,2
1,1

  uv 
 ⋅ 

  1.1 ⋅ Φ 

2/3
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P serial eq. (6)

D serial eq. (9)
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Fig. 3 Thermal conductivities of bricks D and P vs. moisture content. Comparison of the measured
values and modeled values by eq. (6) and (9)
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Fig. 4 Thermal conductivities of bricks S and L vs. moisture content. Comparison of the measured
values and modeled values by eq. (6) and (9)

The relation (6) then changed into:
λ=

1
(1 − 1.1 ⋅ Φ )
λ high

n1

n2
(
1.1 ⋅ Φ )
+

(9)

λ m ,low

The results of modelling are shown in Fig. 3 and Fig. 4. Using of the upgraded model (9) improved
significantly the agreement between measured and modeled values in case of bricks D, L, S. As to
the brick P, it is a material with relative high non-homogeneity. Therefore the existing discrepancies
were probably caused by the higher measurement uncertainty.

CONCLUSIONS
The relation between effective thermal conductivity and moisture content was investigated
for four types of burnt clay bricks.
In the range of measured moisture contents (0-9%) the first approximation of effective
thermal conductivity of moist clay bricks can be modeled by serial configuration of the high
conductivity fraction (solid phase fraction + water) and low conductivity fraction (free pore volume
fraction + interfacial transition zone) weighted by the power function of their volume fractions.
Incorporating the lattice-type periodic model of moist pore space into the formely developed
serial model significantly improved the coincidence between the measured and modeled values.
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Abstract
The paper deals with theory and application of a hot ball sensor for measuring thermal
conductivity. The sensor, in a form of a small ball, generates heat and simultaneously
measures temperature response. A working relation of the sensor has been found on the
base of an ideal model. The ideal model represents an empty sphere placed in specimen.
Consequently there is a constant heat flow q for t > 0 streaming from the empty sphere
into surrounding environment. A calibration procedure has been proposed to obtain
reliable data. A working range of thermal conductivities of the tested materials has been
estimated to be from 0.06 up to 1 W m-1 K-1. Ideal model and a model considering heat
capacity of the hot ball were tested.
Key words: transient methods, hot ball method, disturbing effects, heat capacity of the
hot ball

1 Introduction
Recently a new class of dynamic methods – transient methods for measuring
thermophysical properties has started to spread in research laboratories as well as in
technology. The technique of transient methods has initiated construction of a range of
new innovative laboratory instruments [4-10]. Improvements in methodology of the
transient methods and use of recent electronic elements allow construction of some
portable instruments and monitoring systems which significantly simplify operation [7,
11]. Construction of such devices has evoked a search for suitable sensors which would
provide information on the thermophysical properties of tested objects. Recently a hot
ball sensor in a single component configuration, i.e. when a heat source and a
thermometer are unified in a single unit, has been presented [13].
The present paper deals with description of basic characteristic of the hot ball
technique for the measurement of thermal conductivity. The performance of the sensor
has been tested using certified materials. Ideal model and a model considering heat
capacity of the hot ball have been tested.

2 Hot Ball Sensor
The working equation of the hot ball sensor is based on an ideal model. The ideal model
assumes a constant heat flux F per surface unit from the empty sphere of radius rb into
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the infinitive medium starting to be delivered for times t > 0. Then the surface of the hot
ball is characterized by the function [15]

{

( )

}

T ( rb , t ) = T0 1 − exp u 2 erfc (u )

where erfc(x) is error function defined by erfc( x) = 1 −

(1)
2

π

∫ exp(− ζ
x

2

)dζ

and T0 = qrb/λ,

0

λ, a are thermal conductivity and thermal diffusivity of the surrounding
specimen, respectively. The equation (1) is a solution of partial differential equation for
heat conduction considering boundary and initial conditions

rb

temperature

u = at / λ and

Tm

R

time

Figure 1. Model of the hot ball (left) and its temperature response for heat output of the
ball
T(r,0) = 0,
λ

∂T ( r, t )
∂r

r = rb

= −F

, F = const, t > 0.

The measuring method based on function (1) belongs, in fact, among the class of
transient ones. Nevertheless, the heat source of the spherical symmetry possesses a
special feature i.e. it yields the steady state in long times and this moment is utilized to
measure the thermal conductivity. It should be stressed that the steady state regime of
the hot ball has nothing to do with the one used in the Guarded Hot Plate technique. The
latter is based on the existence of the heat and the cold plates (heater and sink) while the
former utilizes physics of the heat spread from the spherical heat source. The heat
penetrates to sphere with radius R during the temperature stabilization to Tm. Then the
determined thermal conductivity corresponds to material within this sphere. Then an
averaged value is to be determined for inhomogenous materials. Function (1) gives a
working equation (2) of the measuring method in long time approximation t → ∞
assuming that temperature is measured at the surface of the empty sphere rb

λ=

q
4πrbTm (t → ∞)

(2)

where the heat flux of the empty sphere F is recalculated to the overall ball heat
production q according F = q / 4πrb2 , and Tm is stabilized value of the temperature
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response. The empty sphere represents an ideal ball of radius rb characterized by a
negligible heat capacity and high thermal conductivity λb →∞.

3 Heat capacity of the hot ball
A ball must be constructed of parts generating constant heat on one hand and measuring
the temperature response on the other hand. Sensing elements of the hot ball might
disturb the measuring process. Therefore an analysis will be performed to estimate the
influence of the heat capacity of the hot ball. Then the function that characterises the
sensor surface temperature has a form

[ (

)

)]

(



1
T ( R, t ) = T0 1 +
z2 w = iz1 t − z1w − iz2 t 
z
−
z
1
2



where

, A = λ / (2 aCs ) , B = 4Cs a / λrb .
Cs is heat capacity of the unit area of sensor surface and other symbols have been above
specified.

( )

(

w( z ) = exp − z 2 erfc(− iz ) , z1,2 = A − 1 ± 1 − B

), T

(3)

0

− qrb / λ

4 Calibration of the hot ball
The strategy of the theory verification is based on the calibration of the ball sensors
by the Eq. (2) rewritten in a form
q / Tm = 4πrb λ = Aλ

(4)

where A is a constant A = 4πrb . The ratio q/Tm is a linear function of thermal conductivity
that will be tested using certified materials. A difference between the experimental data
and the theoretical function should indicate the weight of the thermal contact and the
temperature gradient within the ball. Materials tested within intercomparison
measurements by different measurement methods have been used for calibration. The
phenolic foam, calcium silicate and PMMA were used for the verification experiments.
Table 1 gives thermophysical data of the tested materials together with the structure
characterization. The tested specimen consists of two parts and the sensor is placed in
the contact of the two specimen surfaces. A groove was made into one part of the
specimen in which the ball was placed. A paste (Middland Silicon Ltd) was used for
thermal contact improvements. While testing a porous structure the contact surfaces
were covered by epoxy varnish to prevent the paste diffusion into material.The ball
sensor consists of a heating element and a thermometer. Both elements are fixed in a
ball by epoxy resin (Fig. 2 left) (patent pending). Diameter of the ball is in the range of
2÷2.3 mm.
The RTM 1.01 instrument was used for measurements [7]. The scheme of the
instrument is shown in Fig. 2 right. A stabilized voltage was used for driving the heating
element. Resistance stability of the heater is ±1.5%. Typical measurement signal is
shown in Fig. 3 along with the characteristic points used to calculate the thermal
conductivity.
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RS 232

Hot-ball sensor
A/D

µP+data logger

power
power
source

D/A

Fig. 2. Photo of the ball sensor (left) and a scheme of the RTM1.01 instrument (right).

end of heating

24.0
23.8
23.6

Tm

Temperature [°C]

24.2

start of
heating
base line

23.4
0

100

200
300
Time [sec]

400

Fig. 3. Measuring cycle. Material: aerated concrete, ball heat output q = 3.5 mW.
The measuring procedure consists of the specimen temperature measurement (base
line), switching on the heating and simultaneously scanning the ball temperature. When
the ball temperature has stabilized, the heating is interrupted and a period of the
temperature equilibration follows. When the temperature in the specimen parts is
equilibrated the next measurement may be realized. The repetition rate of the
measurements depends on the thermal conductivity and it takes from 10 up to 40
minutes.

5 Results
Evaluation by empty sphere model. A test of the measurement reliability has been
performed by measurement of the thermal conductivity of the aerated concrete provided
that the ball heat output varies in a broad range. The ball radius rb = 1.05 mm has been
used. Data on thermal conductivity were stable in the range 2.5÷30 mW within δλ = +/0.0007 W∙m-1∙K-1. The measured data are shifted to higher values (λ = 0.265 W∙m-1∙K-1)
however the shift is constant within a broad range of ball heat output.
A test of steady-state regime has been performed using the PMMA and measuring
parameters q = 0.0025 W, ball radius r b = 1.05 mm and measuring period (heating
time) 3000 s. Equation (2) was used for data evaluation point by point of the scanned
temperature response. Data on thermal conductivity started to be stabilized in time
window 500 – 3000 s within δλ = +/- 0.0033 W∙m-1∙K-1. Again data are shifted to higher
value λ = 0.265 W∙m-1∙K-1. Data of thermal conductivity obtained on the set of materials
specified in Table 1 are shown in Fig. 4. Around 4 measurements of the assembled unit
have been performed. At least two reassemblings have been used. A reassembling
consists of cleaning the groove, a deposition of the contact paste at the groove point
where the hot ball is fixed, fixing the ball into the groove and assembling both parts of
the tested materials together into one unit. Analysis of data statistics has shown that the
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measurement reproducibility of an assembled unit is rather high. Data scatter is well
below 1%. Reassembling induces data scattering within 3-5%.
A theoretical curve is plotted in the Fig. 4 using Eq. (5) where the ball radius is assumed
to be rb = 1.05 mm. A difference between the experimental data and the theoretical
curve indicates a disharmony with the ideal model.
Table 1.: Characteristics of materials used for calibration
Material
Thermal conductivity
Structure
-1 -1
[W m K ]
Glycerol
1.9
fluid
PMMA
0.19
compact
Calcium silicate
0.097
porous
Phenolic foam
0.06
porous

25

q/Tm [W K-1]

20
15

Block size [mm3]
φ50, length 25
150x150x50
150x150x50

ideal model rb = 1.05 mm
calibration experiment
cement paste
calibration function q/Tm = f(λ)
q/Tm = -0.645+44.123λ - 93.62 λ2

10
5
0

0.1
1
thermal conductivity [W m-1 K-1]

Fig. 4. Calibration of the hot ball sensor.
For given q/Tm, a data shift can be found with the low thermal conductivity range and to
lower ones for high thermal conductivity range.
Evaluation by heat capacity model. Fitting procedure of Levenberg-Marquat was used
for data evaluation using the function (3). Plots in Table 2 show experimental data
together with the fitting functions for 4 different materials specified in Table 1.
Experimental data were fitted in both in the heating and the cooling period of the hot
ball. Four parameters have been fitted, namely thermal conductivity λ, thermal
diffusivity a, surface capacity of the hot ball Cs and radius of the hot ball rb. As too
many parameters have to be fitted, the thermal conductivity of the measured materials
as an input parameter was used and the radius of the hot ball was used to test the model
validity.
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Table 2.: Experimental points and fitted function (3).
0.6

0.5

glycerol

0.5

Temperature [oC]

Temperature [oC]

0.4
0.3
0.2

experiment
fit

0.1

PMMA

0.4
0.3
0.2

experiment
fit

0.1

0.0

0.0

0

200

400

600

Time [s]

800

1000

0

1200

200

400

Time [s]

600

800

1000

1.6

1.0

1.4

0.9

calcium silicate

0.8

Temperature [oC]

Temperature [oC]

0.7
0.6
0.5
0.4
0.3

0.1

0.8
0.6
0.4

experiment
fit

0.0

0.0
-0.1

1.0

0.2

experiment
fit

0.2

phenolic foam

1.2

0

0

200

400

Time [s]

600

800

200

400

600

800

1000

Time [s]

1000

Table 3 gives data on thermal conductivity, thermal diffusivity and the calculated hot
ball radius. There is clear discrepancy on hot ball radius considering different materials
even fitted function (3) follows close experimental data. This discrepancy indicates that
a refined model that includes heat capacity of the hot ball the measuring process is not
adequate for characterisation of the measuring process. For a more reliable model an
additional disturbing effect has to be included into working relation of the hot ball.
Table 3.: Input and fitted parameters for a range of used materials
Material
Thermal conductivity Hot ball radius
[W m-1 K-1]
[mm]
Glycerol
0.289
6.49
PMMA
0.19
1.6
Calcium silicate
0.097
2.16
Phenolic foam
0.06
2.3
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6 Conclusion
Theory of the hot ball sensor and its experimental verification has been presented. The
sensor is based on a ball that generates a constant heat and simultaneously it measures
the temperature response for t > 0. The ideal model of the empty ball in an infinitive
specimen gives a working relation of the hot ball method. The working equation
concerns the steady state regime reached after some period of time. The steady state
regime could be reached in tens of seconds up to tens of minutes depending on thermal
diffusivity of the tested material. Then the thermal conductivity of the specimen is
determined by the stabilized value of the temperature response. In addition a revised
model considering heat capacity of the hot ball has been presented.
A calibration procedure has based on ideal model been used to analyze the sensor
reliability. The experiment has proven that the working range covers the interval from
0.06 up to 0.5 W m-1 K-1. A discrepancy has been found considering measured and
published data for materials having thermal conductivity in a range from 0.05 up to 0.5
W m K. Data on thermal conductivity are shifted to higher values when real radius of
the hot ball was used. A fitting procedure for data evaluation was used using hot ball
heat capacity model. A negligible difference between the experimental data and the
fitting function was found in both in heating and in cooling period of the hot ball. A
radius of the hot ball was extracted from the fitting parameters to intercompare it with
the real one. However not realistic data on the hot ball radius were found. This indicates
that different disturbing effect is active during measuring process.
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Determination of thermal properties from simultaneous monotonic
cooling and surface heat transfer measuring
Peter Matiasovsky, Peter Mihalka, Milan Drzik
Institute of Construction and Architecture, Slovak Academy of Sciences,
Dubravska cesta 9, Bratislava, Slovakia

Abstract:
The monotonic heating regime method for determination of thermal diffusivity is
based on the analysis of an unsteady-state (stabilised) thermal process
characterised by an independence of the space-time temperature distribution on
initial conditions. At the first kind of the monotonic regime a sample of simple
geometry is heated / cooled at constant ambient temperature. The
determination of thermal diffusivity requires the determination rate of a
temperature change and simultaneous determination of the first eigenvalue.
According to a characteristic equation the first eigenvalue is a function of the
Biot number defined by a surface heat transfer coefficient and thermal
conductivity of an analysed material. Knowing the surface heat transfer
coefficient and the first eigenvalue the thermal conductivity can be determined.
The surface heat transport coefficient during the monotonic regime can be
determined by the continuous measurement of long-wave radiation heat flow
and the photoelectric measurement of the air refractive index gradient in a
boundary layer. The obtained eigenvalues and corresponding surface heat
transfer coefficient values enable to determine thermal conductivity of the
analysed specimen together with its thermal diffusivity during a monotonic
heating regime.

Keywords:

monotonic heating regime, surface heat transfer, thermal properties

1. INTRODUCTION
The method of monotonic heating regime of the first kind, under the boundary conditions of
the 3 kind is suitable for the determination of thermal difussivity of high-density materials [3]. For
the determination of complex thermal properties a complementary measurement of the specific heat
is necessary [4]. In order to avoid this complication the monotonic heating regime method was
combined with a simultaneous measurement of the surface heat tranfer coefficient, especially its
convective component. This paper is a modified version of the original publication [5].
rd

2. MONOTONIC HEATING REGIME METHOD
The determination of thermal properties by the monotonic heating regime method of the first
kind includes the determination of thermal diffusivity and specific heat of the specimens with a
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simple geometry. The principle of the measurements is based on the monitoring of a cooling of the
specimens with a defined geometry in a constant temperature environment.
Let us consider an isotropic sample of the cubic shape, with a side of length d. The initial
temperature of the cube is θ0. At the starting time the cube is suddenly moved from the environment
with a constant temperature θ0 to the environment with a different constant temeperature θe (θ0 > θe).
The temperature field of the cube is changing in time and the coefficients of the surface heat
transfer are also changing and different at particular cube surfaces during this process. The
temperature course at an arbitrary cube point is given by the solution of the heat transfer differential
equation (1) for the case of constant material parameters and zero heat sources:
a ⋅ ∇2 θ =

∂ (θ )
∂t

(1)

where: a is the thermal diffusivity, θ is the temperature, t is the time,
under the boundary conditions of the 3rd kind.
The analysis of the cube cooling under a constant ambient temperature shows that the whole
process can be divided into three states:
- At the first state, random, non-steady state the initial temperature distribution is dominant.
- At the second state, known as a monotonic regime, the temperature change with a time runs
according to an exponential law.
- The third state corresponds to a steady state, when the temperature in all points of the cube is
equal to the ambient temperature.
The second state, the monotonic regime appears after the time of the cooling, when the
Fourier number Fo is higher than 0.4. Then the time course of relative temperatures of the specimen
θr at all points under constant boundary conditions can be expressed in the form:
θr =


y ⋅ µ y1 Bi( x , d , z )

θ ( x , y , z ,τ ) − θ e
x ⋅ µ x1 Bi( d , y , z )
x ⋅ µ x1 
 ⋅ Ay1 ⋅  cos
= A + Ax1 ⋅  cos
+
⋅ sin
+
⋅

θ0 − θ e
µ x1
µ y1
d
d 
d


⋅ sin

  µ2 + µ2 + µ2 

y ⋅ µ y1 

z ⋅ µ z 1 Bi( x , y , d )
z ⋅ µ z1 
y1
z1 
 x1


 ⋅ Az 1 ⋅  cos

+
⋅
sin
exp
a
t
⋅
−
⋅
⋅

d 
d
d 
µ z1
d2
 






(2)

where: Bi(d, y, z) is Biot number for the surface heat transfer coefficient at the plane parallel the
coordinate axes y, z at the distance d; µx1, µy1 a µz1 are the first eigenvalues in the directions of the
coordinate axes x, y, z.
From equation (2) it results that lnθr = f(τ) is the line, the tangent of which equals:
M =

∂ [ln(θ e − θ ( x , y , z ,t ))] lnθ r ( x , y , z ,t1 ) − lnθ r ( x , y , z ,t 2 ) a
=
= 2 ⋅ µ x21 + µ y21 + µ z21
∂τ
t1 − t 2
d

(

)

(3)

The quantity M is usually called the cooling rate and it is constant in the monotonic heating regime.
The thermal diffusivity is then given by the following relationship:
a=

M ⋅d2
µ x21 + µ y21 + µ z21

(4)

The value M can be obtained by calculating the logarithm of the temperature course at an
arbitrary point of the cube during the monotonic regime.
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The values µx1, µy1, µz1 for three pairs of opposite surfaces are the functions of the heat transfer
coefficient between given surfaces and the environment. At their determination it is possible to
issue from the following assumptions. During the cooling process the cube has surfaces oriented
parallel with the coordinate axes, so the heat transfer through 4 vertical surfaces is identical, whilst
at the top and bottom horizontal surfaces the heat transfer is different. For the determination of
thermal diffusivity then it satisfies to determine only two eigenvalues: µx1 = µy1 for vertical surfaces
and µz1 for horizontal surfaces of the cube.
At the determination for example of µx1 – value, given by the heat transfer at two opposite
surfaces in x-axis direction it is possible to issue from the two-points method, based on the fact that
the ratio of the temperatures at an arbitrary point of the cube in each moment of the monotonic
regime is constant and it is the function of µx1. Then for the ratios of the temperatures at centres of
opposite surfaces to the centre of the cube: kxo and kxd the following relationship is valid:
k x0 + k xd
µ
= cos x1
2
2

(5)

enabling the calculation of µx1, or µz1 from the known values of kx0 and kxd, or kz0 and kzd.
From the cooling rate and the temperatures ratios with use of relations (4) and (5) it is
possible to calculate the first eigenvalues µx1, µz2 and the thermal conductivity of the sample a.
The solution of the following transcendent equation enables to obtain the Biot number expressing
the relationship between the thermal conductivity of a specimen and the surface heat transfer
coefficient:

µ x21 − Bi(0 ,y ,z ) ⋅ Bi(d ,y ,z )
cot µ x1 =
µ x1 ⋅ (Bi(0 ,y ,z ) + Bi(d ,y ,z ) )

(6)

As the values of Biot number at opposite vertical surfaces are identical, equation (6) can be
simplified.

3. PHOTOELECTRIC MEASUREMENT OF AIR REFRACTIVE INDEX
IN BOUNDARY LAYER
The wall surface convective heat transfer coefficient can be defined by the expression
combining the empirical Newton law and the steady state Fourier law of heat conduction:
−λ⋅
hc =

dθ
dy

y =0

θ si − θ ∞

(7)

where: hc is the convective surface heat transfer coefficient, dθ /dy is the air temperature gradient
along the vertical y-axis, λ is the thermal conductivity of air, θsi and θ∞ are the temperatures at the
surface and outside the boundary layer, respectively.
The experimental determination of the temperature gradient is based on the relationship
between the air density dependent on temperature and the air refractive index. This relation is
described by the Lorenz-Lorentz law (Fomin 1989):
n2 − 1 1 N
⋅ =
= const .
n2 + 2 ρ M
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where: n is the air refractive index [-], ρ is the air density [kg/m3], N is the air molar refraction
[m3/mol], M is the air molar mass [g/mol].
In the range of 300 – 400 K and under the atmospheric pressure the air can be regarded as an
ideal gas. Under the assumption of isobaric condition, the air density change is proportional
inversely to the temperature change. Then the refractive index variation is proportional to the air
temperature change. A basic constant can be found for the relationship between air temperature
change and refractive index change for the wavelength of 650 nm at the temperature of 300 K:
dn
= 0.961.10 −6
dθ

(9)

Then, the mutual relationship between the refractive index gradients and temperature gradients is as
follows:
dθ
1
dn
=
⋅
−6
dy 0.961 ⋅ 10
dy

(10)

Considering the constant distribution of refractive index along the path of optical detection by laser
beam and the appropriate geometrical relations, a final equation for the beam deviation in the
detector place is:
2 ⋅ n0 ⋅ ∆y
dθ
=
dy L2 ⋅ 0.961 ⋅ 10 −6

(11)

where: L is the laser beam path length [m], n0 is the initial refractive index ≅ 1.0 for air, ∆ y is the
laser beam deviation.
With use of equation (11) the gradient near the surface and then the near-surface temperature
profile can be evaluated. Applying then equation (7) the convective heat transfer coefficient can be
calculated.

4. EXPERIMENT
The experiment was performed for the polymethyl methacrylate cubic specimen, with the side
length of 0.1 m. It consisted of the simultaneous measurement of temperatures at the midpoints of
two opposite vertical surfaces and the centre of the cube, the measurement of the laser beam
deviations near one vertical surface (2 mm distance) and the measurement of the radiative heat flow
between the cube vertical surfaces and the surrounding isothermal surfaces during the cooling
experiment. In figures 1 and 2 there are a schematic description of the experiment and a
thermograph of the cooled sample. The initial temperature of the specimen was 40 °C and the
controlled ambient temperature was 20 °C. The cooling process continued approximately for 3
hours. The monotonic regime lasted during the second hour of the experiment. In figures 3 and 4
there are a time courses of the monitored temperatures and of the near-surface temperature gradient
in the air boundary layer calculated by equation (11) from the laser beam deviation data. The
corresponding time courses of vertical convective and radiative surface heat transfer coefficients are
in figure 5.
An analytical solution of the monotonic cooling of the cube expressed by equation (2)
supposes constant boundary conditions. In reality the total surface heat transfer coefficient is
decreasing during the proces of cooling. Therefore its average value from the analysed period must
be taken into consideration. The time courses of the temperatures ratio k, the first eigenvalue, the
total surface heat transfer coefficient, the Biot number and the resultant values of thermal
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conductivity determined from equations (5) and (6) are in table 1. As the heat transfer at all vertical
surfaces of the cube was identical only one k-ratio and Biot number could be considered. The
average thermal conductivity obtained during the monotonic regime is in agreement with the known
value of the polymethyl methacrylate thermal conductivity – 0.185 W/(m.K) determined by the
quarded hot plate method.

Figure 1 Scheme of experiment

Figure 2 Thermograph of cooled polymethyl methacrylate cube
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Figure 3 Time course of measured temperatures

2200
Measured near wall temperature gradients

2000

Approximated temperature gradient function

1800
1600

dT/dy

1400
1200
1000
800
dT/dy = 2021.7e

600

-0.8926*t

400
200
0
0,00

0,25

0,50

0,75

1,00

time (h)

1,25

1,50

1,75

Figure 4 Time course of near-surface temperature gradient
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Figure 5 Time course of convective and radiative surface heat transfer coefficients

Table 1 Time courses of measured variables and calculated parameters with resultant thermal
conductivities
2
µ1 [1/s1/2] h [W/(m .K)] Bi [-] λ [W/(m.K)]
2.24
4.61
0.200
9.25

Time [min]
60

k [K/K]
0.43

65

0.44

2.24

9.12

4.61

0.198

70

0.44

2.24

9.11

4.66

0.195

75

0.44

2.24

8.87

4.62

0.192

80

0.43

2.25

8.74

4.68

0.187

85

0.43

2.24

8.63

4.67

0.185

90

0.43

2.25

8.66

4.75

0.183

95

0.43

2.24

8.47

4.66

0.182

100

0.44

2.24

8.33

4.63

0.179

105

0.44

2.24

8.24

4.63

0.178

110

0.44

2.24

8.15

4.59

0.177

115

0.44

2.23

4.57

0.176

120
Average

0.44
0.44

2.24
2.24

8.05
7.99
8.59

4.61
4.64

0.173
0.185
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5. CONCLUSIONS
An applicability of the simultaneous measurement of the near-surface temperature gradient in
air boundary layer during the monotonic heating regime test for the determination of thermal
conductivity was proved. The obtained thermal conductivity value was in agreement with the result
of independent measurement by the guarded hot plate method.
A combination of the monotonic heating regime method with simultaneous the surface heat
transfer measuring enables to determine the thermal diffusivity and the thermal conductivity from
one measurement.
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SUMMARY:
Simulation tool for solving coupled heat and moisture transfer involving the effect of a hysteresis
was developed. A numerical simulation of the dynamic moisture behaviour of autoclaved aerated
concrete was compared with the experimental results. Parameters of the used model of hysteresis
were determined and applied in the simulation.

INTRODUCTION
For a correct simulation of the dynamic moisture behavior of building structures it is necessary
to know not only the basic hygric parameters determined from the measurements under steady state
conditions but to determine also a possible differences between the steady and non-steady behaviour.
In most of simulation tools, the process of simultaneous water vapour adsorption and desorption
is controlled by unique function, usually main adsorption isotherm. In hysteretic materials, the process
of adsorption and desorption is not the same. The equilibrium moisture content during desorption
process is higher than the moisture content during adsorption at the same relative humidity.
Simulation tool for solving coupled heat and moisture transfer involving the effect of a
hysteresis was developed. The simulation of the dynamic moisture response of a hygroscopic material
under different dynamic boundary conditions was performed, results of simulation were confronted
with results of laboratory tests.
The tests were done for the autoclaved aerated concrete (AAC) plate, the pore structure of
which is characterised by two pore subsystems, consisting of 30 % volume of micropores and 50 %
volume of macropores [3]. For this material a hysteretic moisture behaviour is typical [2].

EXPERIMENTS
The main adsorption isotherm of the material was determined by conditioning the samples in
desiccators under a constant relative humidity and temperature (23 °C) until the steady equilibrium was
achieved [2]. The estimation of main desorption isotherm was done by an analysis of previous
measurements of AAC samples [1]. Two primary scanning desorption curves were determined starting
from the equilibrium moisture contents corresponding to 94 % and 75 % RH. The water vapour
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permeability was measured by standard dry-cup (0 – 53 % RH difference maintained by the silica-gel
and the climatic chamber) and wet-cup (100 – 53 % RH difference maintained by the water and the
climatic chamber) methods.
The dynamic tests were performed in a climatic chamber. The tests were performed under three
different regimes of the cyclic RH step changes between 49/79, 45/80, 56/79 % relative humidities,
lasting 8/16, 24/48 and 48/96 hours respectively. The temperature during the tests was kept at constant
value of 23.0 ± 0.5 °C. The relative humidity changes in the chamber were controlled by the dry and
wet air streams. The relative humidity near the sample was monitored by the capacitative RH sensor
with ± 1.5% RH precision. The temperature was measured by the electric resistance sensor Pt 100. The
specimens were sealed on all but two surfaces by the epoxy resin in order to guarantee 1D water vapour
flow. Simultaneously two specimens with the dimensions of 200 x 120 x 39.5 mm were tested (the area
of the active surface was 0.096 m2). A mass of the samples was weighted by the balance with the
accuracy of 0.1 g. The mass of the samples, the temperature and the relative humidity in the chamber
were registered in hourly intervals. The air flow velocity near the samples varied from 0.05 to 0.15 m/s
that corresponded to common interior conditions. A detailed description of the experiments and their
results is in [2].

SIMULATION MODEL
The developed simulation model is based on solution of the coupled 1D equations for the heat
conduction and the water vapor diffusion through a structure.
1D non-steady heat transfer is described by the Fourier`s equation of heat conduction:

ρ ⋅c⋅

∂θ ∂  ∂θ 
= λ ⋅ 
∂t ∂x  ∂x 

(1)

Where:

θ
ρ
c

λ
t
x

– temperature (°C)
– density (kg/m3)
– specific heat capacity (J/kg.K)
– thermal conductivity (W/m.K)
– time (s)
– coordinate (m)

1D non-steady water vapour diffusion is described by the Fick`s equation:

∂wc
(ϕ ) ⋅ ∂ϕ = ∂  δ p (ϕ ) ⋅ ∂( psat ⋅ ϕ ) 
∂ϕ
∂t ∂x 
∂x

Where:

ϕ

wc

δp
t

– relative humidity (-)
– water content (kg/m3)
– water vapour permeability (s)
– time (s)
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x
– coordinate (m)
psat
– water vapour saturation pressure (Pa)
∂wc ∂ϕ – moisture capacity

In hysteretic material the moisture capacity is given by scanning curves, which lie always
between the main adsorption and desorption isotherms. The description of scanning curves was done
by simple empirical model originally used by Pedersen [5]. The moisture capacity in the hysteresis
region is represented by slope of the scanning curves:

During adsorption: ξhys =

γ a ⋅ ( u − uadsorption )2 ⋅ ξdesorption + ( u − udesorption )2 ⋅ ξadsorption
( udesorption − uadsorption )2

(3)
(u − uadsorption ) ⋅ ξ desorption + γ d ⋅ (u − udesorption ) ⋅ ξ adsorption
2

During desorption: ξ hys =

2

(udesorption − uadsorption ) 2

(4)
Where:
ξ hys - the moisture capacity (slope of scanning curve) at given relative humidity
u – water content (kg/kg)
uadsorption – the water content calculated from main adsorption isotherm (kg/kg)
udesorption – the water content calculated from main desorption isotherm (kg/kg)
ξadsorption – the moisture capacity at given relative humidity calculated from main adsorption isotherm
ξdesorption – the moisture capacity at given relative humidity calculated from main desorption isotherm
γa, γd – the parameters of hysteresis
The numerical solution of equations (1) and (2) using Control Volume Method with 1-D model
and implicit time scheme [4] was performed. In the simulation volume elements with constant
thickness 1mm were used. The time step was 10 min. The material parameters dependent on moisture
content were recalculated during every time step. Every volume element was considered as a material
with its own sorption-desorption past.

MATERIAL PROPERTIES
The main adsorption and desorption isotherms of tested AAC were described by the following
expression [2]:
−

1

 ln ϕ  n
(5)
u HANSEN = uh ⋅ 1 −

A 

where: uHANSEN is the moisture content (kg/kg), ϕ is relative humidity (-), uh is the hygroscopic moisture
content (kg/kg), A and n are approximation parameters.
The used approximation parameters for main adsorption and desorption isotherms are in tab.1.
The main storage functions are in Fig.1a.
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Table.1: Approximation parameters for main adsorption and desorption isotherms of tested AAC

Adsorption
0.4
0.000 04
3.43

uh
A
N

Desorption
0.4
0.001 5
2.4

The moisture capacity in a hygroscopic relative humidity range was expressed by the following
formula:
−

1

 ln(ϕ )  n
1 −

∂u
A 
(ϕ ) = uh ⋅ 
∂ϕ
 ln(ϕ ) 
n ⋅ ϕ ⋅ A ⋅ 1 −

A 


(6)

In simulation of the moisture uptake and release, the water vapour permeability moisture dependence
was approximated by the relation:
1
(7)
µ (ϕ ) =
0,13 + 0,003 ⋅ e5⋅ϕ
The dependence of the vapour diffusion resistance factor on the relative humidity of the AAC is shown
in fig.1b.
0.07

Moisture content (kg/kg)

0.06
0.05
0.04
0.03
0.02
Main adsorption isotherm

0.01

Main desorption isotherm

0
0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
ϕ (−)

1

a

b

Fig.1: Approximated material parameters of AAC: a- main moisture storage functions, b – vapour
diffusion resistance factor

APPROXIMATION PARAMETERS OF USED HYSTERESIS MODEL
In equations (3) and (4) the coefficients γa and γd are the parameters of used empirical model.
The water vapour content during a scanning between the equilibrium adsorption and desorption can be
approximated as [2]:
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u = uo + ξ hys ⋅ ∆ϕ

(8)

or:
 γ ⋅ (u − u sorption ) 2 ⋅ ξ desorption + (u − udesorption ) 2 ⋅ ξ sorption 

during adsorption: u = uo + ∆ϕ ⋅  s
2


(
u
u
)
−
desorption
sorption


2
2
 (u − u sorption ) ⋅ ξ desorption + γ d ⋅ (u − u desorption ) ⋅ ξ sorption 

during desorption: u = uo + ∆ϕ ⋅ 
2


−
u
u
(
)
desorption
sorption



(9)
(10)

0.06

0.06

0.05

0.05

Moisture content (kg/kg)

Moisture content (kg/kg)

The measurements of primary scanning desorption from 94 % and 75 % were done [2]. The
parameters of hysteresis were approximated by fitting the measured primary scanning desorption
curves by equation (4). The best value for the primary scanning desorption process is γd = 0.97 for the
desorption started at 94 % relative humidity and γd = 0.87 in case of the desorption started at 75 %
relative humidity. Primary scanning adsorption has not been measured. Considering the second
parameter of hysteresis the value γs = 0.97 was used. Convenience of the value will be shown in
following analyses.
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Fig.2: Experimental determination of the hysteresis parameters. a) desorption from 94 % - γd =0.97, b)
desorption from 75 % - γd = 0.87

RESULTS
The tests were performed under three different regimes of the cyclic relative humidity step
changes: Test # 1: 8/16 hours - 49/79 % changes (6 steps), Test # 2: 24/48 hours - 45/80 % changes (2
steps), Test # 3: 48/96 hours - 56/79 % (2 steps).
Two independent simulations were done:
- by using the main adsorption isotherm
- by using the described empirical hysteresis model
In all tests an evident gradual moisture uptake step by step occurred.
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Test # 1: 8/16 hours intervals with relative humidity changes 49/79 %. During the first moisture
uptake the simulations with the main adsorption isotherm and the hysteresis model correspond to the
measurements. It is caused by the fact that initial moisture content corresponded to the main adsorption
isotherm at the beginning of simulation and measurement, moisture capacity during adsorption was
controlled by the main adsorption isotherm.
A significant difference occurred during the first desorption, the water vapour desorption is no
more controlled by the main adsorption isotherm. The hysteresis model with the estimated parameters
gave results closed to the measured values. After 5th desorption process, a lower water vapour release
occurred, with the difference approx. of 0.3 g, thereafter a higher moisture content was calculated after
6th adsorption process. The simulation with main adsorption isotherm reached the quasi-steady state
after 3rd step, the measurement and the hysteresis model did not stabilize during measurement.
Test # 2: 24/48 hours intervals with relative humidity changes 45/80 %. Like in the previous
test, the first moisture uptake corresponded to the measurement. The hysteresis model fits the
desorption process better than than a calculation with the main adsorption isotherm. During 2nd
adsorption a significant difference of the mass occurred.
Test # 3: 48/96 hours intervals with relative humidity changes 56/79 %. The simulation with
hysteresis fits the measurement also very well. The calculation with main adsorption isotherm shows
large deviations during the desorption process.
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Measurement (Koronthalyova 2008)
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Fig.3: Measured and simulated mass change during the relative humidity change test, a) Test #1 8/16
- 49/79 %, b) Test #2 24/48 - 45/80 %, c) Test #3 48/96 - 56/79 %.

In fig. 4 there is a visualization of the calculated process of forming the scanning curves for Test # 1
(8/16 h - 49/79 %). The influence of the boundary conditions change delays towards the specimen`s
core. After 5th ad/desorption step, a stabilization of the scanning curve on the surface began.
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Fig.4: Process of forming scanning curves during adsorption and desorption, Test # 1 - 8/16 h - 49/79
%, a) surface element, b) 1 cm under the surface, c) 2 cm under the surface (middle of the specimen)

CONCLUSIONS
The dynamic hygric behaviour of the autoclaved aerated concrete was simulated under three
different step cyclic regimes. The simulations analysed previous experimental work. The analysis of a
hysteretic behaviour modelling and its comparison with a commonly used assumption of the onestorage function curve was done. In all analysed cases the simulations with the main adsorption
isotherm fits the measurements during the first adsorption process, a significant deviation occurred
during the desorption process, subsequent adsorption processes never reached the measured moisture
content again. The simulation with the considered hysteresis model gives results close to the
measurements. In general the analysis was very sensitive to the uncertainty of the measurement.
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Abstract:
B-spline approximation procedure applied to fitting the high thermal resolution thermophysical data is
presented. The procedure has been used for characterisation of a 2-nd order phase transition revealed
in dilatometric measurements of 90W-7Ni-3Fe tungsten heavy alloy (WHA). The experiments have
been performed applying laser interferometry apparatus. Both the coefficient of linear thermal
expansion (CLTE) and the linear expansivity (LE) data from thermal cycling within 20 oC and
1120 oC have been processed. As a result representative characteristics have been obtained. The
discussed algorithm has been proved to be efficient in scattered thermophysical data processing.

1. Introduction
Almost every process of thermophysical property characterisation involves the experimental
data processing. Usually data are processed for the purpose of introducing the appropriate
characteristic into the appropriate database or for its thorough examination. In the first case the
problem typically reduces to data averaging. In the second, needs of precise material diagnostics
force more thorough examination of the experimental results. A special care is needed when the
high thermal resolution data are handled. High thermal resolution means that a certain property is
obtained within a very small temperature interval. Such data usually need to be approximated.
The problem with approximation is proper selection of the functional basis. In typical cases
theoretical indications for a certain functional dependence on the temperature are very weak [1].
In such situation polynomials are usually utilised. However, it was proved that due to many
disadvantages single polynomials should be excluded from fitting high resolution
thermophysical data [2]. Polynomials are not only badly numerically conditioned [3] but also
proved to be inefficient in reconstruction of discontinuities of the investigated functional
dependence [4]. On the other hand there is a broad range of possibilities connected with
utilisation of splines [5]. Strangely enough, spline functions have rarely been used for that
purpose despite the fact that even in a fundamental work of de Boor, titanium specific heat data
were applied as an illustrative example of their application [4]. Splines, in that range basis splines
(B-splines), exhibit unique features that predestine them to be used for approximation of high
resolution thermophysical data. The most important is the possibility of almost unrestricted
global and local reconstruction of not only the function but its derivatives as well. This particular
feature can be effectively exploited for characterisation of materials exhibiting phase
transition [7].
In this work s spline approximation of the high thermal resolution diltometric data (comp. [8])
from investigations of a 90W-7Ni-3Fe tungsten heavy alloy (WHA) is discussed. Tungsten
heavy alloys are high–density dispersed composite materials in which quasi-spherical hard
tungsten particles are embedded in a ductile matrix [8, 9]. Due to specific combination of
mechanical properties, namely high strength and hardness together with good ductility, these
alloys have been found increasingly applicable in nuclear and military technologies. The
discussed studies of the thermal expansivity are comprised within the frame of a wider research
programme on WHSs and related materials. The main purpose of the investigation is
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characterisation of all thermophysical properties to complement the literature in that domain
(comp. eg. [9]). The data will also be exploited in numerical modelling of selected processes of
WHA sintering technology.
2. B-spline Approximation
The details concerning the theory of spline functions can be found elsewhere (comp. e.g. [4]
and [5]). For the purpose of this work let us just summarise basic facts about splines. A spline
function can be defined within a closed interval containing the data [Ta, Tb], where T is the
n
temperature. Let {τ i }1 , Ta ≤ τ i ≤ Tb be a nondecreasing sequence of n points called knots. Let

{ξ k }1N be

a strictly increasing sequence composed of the previous one in such a way that all
repetitions of τi are excluded. The points ξk are called breakpoints. In relation to these two
n
N
sequences we define another sequence {ν k }1 which counts repetitions of ξ k in {τ i } 1 defining
multiplicity of knots.
n
A spline of order r on [Ta, Tb] with reference to a multiple knot sequence {τ i } 1 , τ i < τ i + r is
the function S rτ which [6]:
a) is a polynomial of order r (degree r-1) within every subinterval [ξ k , ξ k +1 ] ;
b) is a C r −ν k −1 class function at ξk.
In single knot subdivision case the spline is a Cr-2 class function within the whole interval
N
[a, b] and a Cr-1 class function within [a , b]\ {ξ k } 1 . Multiplication of knots corresponds to

lower continuity conditions at breakpoints – if a certain knot is multiplied, then the range of
continuity in a corresponding breakpoint is proportionally decreased. For simplicity reasons
a knot indication in the notation of splines will be omitted throughout the article.
The spline function Sr can be represented by piecewise polynomial (so called pp-function) of
corresponding order r. This representation is equivalent to decomposition of a spline with
reference to a base of truncated mononomials [4], [5]:
r −1

∀T ∈ [ ξ k ,ξk +1 ),k = 1,..., N − 1 S r ( T ) = ∑ ckm ( T − ξ k )m

(1)

m =0

To make this formula complete we take S (ξ N ) = lim S (T ) . Hence, we conclude that ppT →ξ N
representation for a certain spline consists of: the integers r and N-1 giving order and number
N
of its polynomial pieces, the strictly increasing sequence {ξ k } 1 of its breakpoints and
a matrix [ckm] of dimension (N-1) × r which is the matrix of its right derivatives at the
breakpoints [5]. The mononomials for piecewise polynomial representation of a spline
function is shown at Figure 1.
A spline function can also be referred to another functional basis. This basis consists of
special splines every one of which is defined on a closed support. These splines are called
n
basis splines or B-splines. We can introduce B-splines of order r on a knot sequnce {τ i } 1
using a recurrence relation:
 1 τ i ≤ x < τ i +1
Bi ,1 (T ) = 
otherwise
0

T −τi
τ −T
Bi ,r −1 (T ) + i + r
B
(T )
τ i + r −1 − τ i
τ i + r − τ i +1 i +1,r −1

Bi ,r (t )=

(2)

For a strictly increasing knot sequence 1-st order B-spline is a constant, 2-nd order is
composed of two pieces of a linear function, 3-rd order of three pieces of a square function, etc.
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The formula (2) can also be applied for calculation of B-splines defined on multiple knot
sequences. Multiplied knots are utilized whenever discontinuities of any range should be
modeled.
B-splines of order r create a basis within an interval [τ r −1 , τ n +1 ] for any spline Sr in such
a way that:
l

S r (T ) = ∑ α i Bi ,r (T )

(3)

i =1

B-representation for Sr consists of [4]: the integers r and l, giving the order r and the number
n
l +r
l
of linear parameters, the vector τ = {τ i }1 ={τ i }1 containing the knots and the vector α ={α i }1

of the coefficients of the spline Sr with respect to the B-spline basis {Bi ,r } 1 . An example of
l

recurrence creation of such a basis is shown in Figure 2. The B-spline basis, contrary to
a basis composed of mononomials, is relatively well conditioned which makes numerical
calculations more reliable.
M
The least square approximation of given data {(Ti , yi )}1 resolves itself to search the minimum
of
l


Φ (α, τ ) = ∑ wi  y j − ∑ α i Bi ,r ,τ (T j )
j =1
i =1


M

2

(4)

with reference to τ and α as it was described in [5]. The numbers wi are weights. For a fixed
knot sequence τ, the minimisation simplifies to a linear least squares problem. The situation is
different when variations of knots are admissible and one is trying to find the best placement
of knots that will minimise the least squares error. In this case the problem (the variable knots
problem) doesn’t usually result in one optimum unequivocal solution.

p(x)

Piecewise polynomials basis
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Figure 1. Basis for piecewise polynomial representation of a certain spline within the interval
[52; 354] with knots at: -52, 0, 157, 200, 250 and 354
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Figure 2. Recurrence construction of a B-spline basis: a - 1 , b – 2 , c – 3rd and d – 4th order
B-splines for the same knot sequence as illustrated in Fig.1
When comparing piecewise polynomial and B-spline representation in solving the
approximation problems one can realize that there are strong theoretical and practical indications
for preferring the last one. B-splines are better numerically conditioned and easier in recurrence
calculations. This makes iterative calculations easier. The B-spline basis is usually composed of
not so many functions as in the case of pp-functions. Last but not least it should be underlined
that there are both theoretical and practical possibilities of converting splines from B-spline to
piecewise polynomial representation.
Determination of the best approximation for a certain experimental data set with utilisation of
B-splines resolves itself to the following step by step procedure:
1. Selection of the optimal range r of splines to be applied.
2. Determination of a subdivision of the interval [Ta, Tb] comprising the data with
simultaneous analysis (identification) of discontinuity points. This step results in definition
of the knot sequence (initial knot sequence in a variable knot procedure).
3. Determination of the sequence of M weights {wi }1M .
4. Application of fixed or variable knot procedures and evaluation of results.
5. Possible repetition of steps 1-3 with the order r changed or the knot sequence modified.
Usually, when variable knot procedures are applied, knots are rearranged according to the
obtained results. When certain discontinuities are modeled then fixed knot procedure is
preferred in final calculations.
6. Conversion from B-spline to piecewise polynomial representation if necessary.
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In numerical calculations described in this paper, both fixed and variable knot procedures
were applied. To solve a fixed knot problem, procedures established by the author were used.
The variable knot approximation results were obtained with the use of IMSL Fortran procedures
that are described in detail in [4].
3. Experimental

Laser Interferometry Dilatometer
Dilatometric measurements were performed using an absolute laser-interferometry apparatus
with a microcomputer system for data acquisition and processing (Figure 3). A modified
spherical interferometer was utilised. Detailed information of the instrument and the
methodology of measurements are given in [7]. The apparatus enables high thermal resolution
investigations of CLTE α and linear expansion ε (LE) within a temperature range from –150 K
to 1400 K (from about -120 oC to about 1140 oC). Specimens of various shapes can be tested.
The actual resolution depends on many factors and affects the accuracy of CLTE determination.
Both parameters are correlated and should be analyzed together for every individual case. Test
measurements performed for a Cu specimen within the range from 300 to 800 had shown that
even if the resolution ∆T ≅ 2 K was preserved, the uncertainty could be less than 1 % [7].
Usually the resolution ranges from 0.05 K to 2.0 K.
The measured CLTE values are referred to the room temperature specimen
length l0=l(t0=20 oC ) giving experimental standard values of α*(t) (comp. Figure 4.a)

α * (t ) =

1 d l (t ) 1 d l (t )
=
l (t 0 ) dt l 0 dt

(5)

where t stands for the temperature. The LE is referred to l0 giving the dilatation denoted here
as ε. The LE is calculated by integration of the α*(T) curve (Figure 4.b)

ε (t ) =

l (t )−l (t 0 )
l (t 0 )

(6)

The data processing is completed with “thermal extortion” diagrams, ie diagrams of the
temperature change rate as a function of the actual temperature of the specimen (Figure 4.c).

Figure 3. Schematic diagram of the experimental stand
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Figure 4. Illustration of typical results from dilatometric investigations: a – measured values
of the coefficient of linear thermal expansion (CLTE*) in 10⋅K-1, b – linear expansion (LE)
i.e. dilatation in mm⋅m-1 and c – temperature rate versus the specimen temperature (thermal
programme). The results shown are obtained at 1-st experimental cycle for the 90W-7Ni-3Fe
specimen

Figure 5. Microstructure of the investigated material: the bright particles are tungsten filler,
the dark area is 53Ni-23Fe-24W homogeneous matrix [8]
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Figure 6. Configuration of the interferometer: U – upper spherical interferometer mirror, B –
bottom mirror, T – thermocouple, H – specimen holder, S – cylindrical specimen
Specimen Preparation and Measurement Procedure
The measurements were performed on a 90W-7Ni-3Fe alloy specimen. The numbers in the
alloy name stand for the mass composition. The material exhibits typical structure: quasispherical hard tungsten particles are embedded in a ductile 53Ni-23Fe-W matrix (Figure 5). The
alloy was prepared using standard procedures by sintering its powdered components at about
1650 oC. Cylindrical specimen was prepared from the finally fabricated ingot by machining to
the shape of a hollow cylinder (see Figure 6). The outside diameter of the cylinder was about
19.9 mm, the length was equal to 15.07 mm. The upper horizontal surface of the specimen was
cut to ensure a tripod support of the upper interferometer mirror. The dilatometric experiments
were carried out under vacuum conditions within the range from room temperature to about
1120 oC on both heating and cooling over repeated temperature cycles. The heating/cooling rates
were usually about 5 K/min. The investigations included four repeated measurements in total.
Results of Experimental Investigations
Dilatometric measurements established experimental thermal characteristics of CLTE* (α*)
and dilatation (LE) of the investigated material. The resolution of the recorded data was better
than 2 K. The raw experimental data are shown in Figure 4 (1st run) and in Figure 7 (the next
three runs).
Inspection of the obtained results revealed phase transition that appeared roughly about
700 oC. The onset temperature of the transition differ between heating and cooling for about
10÷20 oC. It was also observed magnification of the CLTE* heating and cooling peaks in every
consecutive run. The revealed phase transition results in hysteresises observed on LE curves
(Figs 4.b, 7.b, 7.d and 7.f). However, these effects were not accompanied by any permanent
changes of the basic specimen length l0.
4. Numerical Processing of the Experimental Data

Basic tasks of approximation analysis were defined in view of processing of high resolution
CLTE* data. They are as follows:
1. Smoothing the dispersed CLTE* data.
2. Reconstruction of the analyzed CLTE* thermal characteristic altogether with its
discontinuities due to phase transition.
3. Substitution of discrete data with a representative function enabling data tabulation.
All the above also concerns the dilatation ε. However, there is another task constituting a real
challenge:
4. Reconstruction of the CLTE* characteristic using only the LE data.
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f
Figure 7. CLTE* and LE results from repeated runs: a, b – 2nd; c, d – 3rd; e, f – 4th
The difficulties in performing the last are mostly due to integral character of dilatation with
reference to linear expansivity (comp. eg. [3]).
Basic calculations were performed separately on overlapped heating and overlapped cooling
results from all four measurements. Both fixed and variable knot procedures were applied. The
uniform weights wi=1 were taken for the data processing. In calculations 4th order splines were
applied. The initial guesses for knots accounted for possible discontinuity of α*(T) curve at
phase transition: corresponding knots at 708 oC for heating and at 695 oC for cooling were
multiplied by four. Locations of these crucial knots were established in preliminary calculations
– at this stage variable knot procedure was applied once or twice and initial guesses were shifted
according to the obtained results. The effects of data processing are shown in Figure 8.
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Repeated variable knots calculations applied for compacted CLTE* results made possible
more reliable identification of the (averaged) phase transition temperature from sparsely
distributed experimental data. Fixed knots algorithm resulted in more reliable representation of
the averaged thermal characteristic. Tabulated data and information concerning B-spline
representation of the appropriate approximate will not be presented here but it should be
mentioned that they are accompanied by a piecewise polynomial representation consisting on 4
and 6 polynomials for heating and cooling respectively (see Tab. 1).
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Figure 8. Results of B-spline approximation of CLTE* experimental data from: a - heating
and b – cooling runs with indication of the identified phase transition peak temperatures
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Table 1. Knots distributions for spline characteristics obtained for CLTE* results (data in oC)
Heating (Fig. 8.a)
Fixed / initial guess
Resultant variable
-10
-10
-10
-10
-10
-10
-10
-10
644
461.9863
708
706.0758
708
707.6634
708
708
708
708
940
1003.97
1140
1140
1140
1140
1140
1140
1140
1140

Cooling (Fig. 8.b)
Fixed / initial guess
Resultant variable
40
40
40
40
40
40
40
40
250
250
408
617.3073
690
689.0349
695
695
695
695
695
695
695
695
905
900.92
1140
1140
1140
1140
1140
1140
1140
1140

Table 2. Results of B-spline approximation of LE results from 3rd run
Heating (Fig. 9.a – magenta curve)
LE
LE
t
t
o
o
/ C
/ C
/ mm⋅m
/ mm⋅m
0
-0.1536
600
3.667983
50
0.156133
650
4.020009
100
0.409651
700
4.404421
150
0.662437
750
5.021262
200
0.938911
800
5.489223
250
1.23956
850
5.865678
300
1.559742
900
6.223205
350
1.895078
950
6.623683
400
2.241509
1000
7.113113
450
2.595287
1050
7.688818
500
2.952983
1100
8.278246
550
3.311481
1120
8.48811

Cooling (Fig. 9.a – cyan curve)
LE
LE
t
t
o
o
/ C
/ C
/ mm⋅m
/ mm⋅m
600
3.787316
650
4.137864
100
0.481182
700
4.60696
150
0.716601
750
4.978506
200
1.01746
800
5.356592
250
1.357883
850
5.767552
300
1.717342
900
6.21928
350
2.080658
950
6.701695
400
2.438006
1000
7.198724
450
2.784882
1050
7.703204
500
3.12165
1100
8.218685
550
3.452892
1120
8.430792

For illustration of the algorithm performance in reconstruction of a certain thermal data from
its integral characteristic results of linear expansion measurements form the 3rd experiment run
were arbitrarily selected. The data were processed applying 5th order splines which correspond to
4th order splines applied in CLTE* approximations. The input data as well as the results of
calculations are shown in Figure 9. The illustrated results come from variable knot procedure.
The data on LE are additionally presented in tabulated form in Table 2.
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Figure 9. Results of 3 run of dilatometric measurements (a) and effect of the LE
experimental data approximation (b) together with results of CLTE* characteristics
identification for heating (c) and cooling (d) from the approximated LE data
Analyzing the results one can notice inconsistency for about 0.7 % at 1120 oC in LE data.
This discrepancy reflects initial inconsistency in experimental data and can not be attributed to
the approximation procedure. The input data was not corrected for the temperature gradients1.
However, it should be underlined that like in every approximation problem performance of
fitting procedures at both ends of the data range usually is the weakest. Results shown in Figs 9 c
and d confirm this observation. As was expected (comp. e.g. [4], [6], [11]) the fixed knot
procedures were proved to be more reliable in data representation at the basic interval ends but
they need additional information at the input.
5. Summary

The high thermal resolution dilatometric data from 90W-7Ni-3Fe tungsten heavy alloy
investigation were numerically processed applying B-spline approximation procedures. The
numerical analysis helped in inspection of the raw experimental data and enabled to establish
representative thermal characteristics of the investigated property. The results were differentiated
between heating and cooling. For the first time (comp. [2], [6] and [11]) the procedure of the
spline approximation was applied for combined data from different experiments. There are
1

The problem of the nonuniform temperature distribution within the interferometer system is discussed in [7].
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promising outcomes from the performed analysis. The used procedures were proved to be not
only well conditioned and effective in reconstruction of differential characteristics, helpful in
detection of thermal characteristic singularities but also useful in providing the results averaged
between different experimental runs.
The investigations, including numerical analyses results, provided data for further studies.
The LE data will be applied in numerical modeling of heat transfer phenomena that occur during
material sintering. The results of the phase transition investigation contribute to better
understanding of the material under thermal cycling.
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Abstract:
Moisture dependent thermal conductivity of lime-pozzolana based render is studied
in the paper. First, the measurements of thermal conductivity are performed in
dependence on moisture content from the dry state to the fully water saturated state
using an impulse technique. Then, the obtained data are analyzed using several
different homogenization techniques, among them, Lichtenecker, Dobson and Polder
and van Santen formulas for various shapes of the pores and inclusions were used.
On the basis of this analysis, the most suitable mixing formula giving the best
agreement with the experimental data for all studied materials is identified and
recommendations for its practical application and possible extensions and limitations
to the other types of materials are formulated.
Keywords:
Thermal conductivity, homogenization techniques, lime-pozzolana renders

INTRODUCTION
Thermal conductivity as the main parameter describing the heat transport of building
materials appears to be of particular importance for their practical applications. For their use in
building structures there is necessary to take into account that their thermal performance is strictly
dependent on total pore volume, distribution and cross connections of pores. In materials research,
thermal conductivity of dry materials is mainly studied. However, absolutely dry materials never
occur in the conditions of building sites. Also the materials already inbuilt in the structures and
exposed to the climatic loading exhibit the dependence of their properties on moisture changes. If
the material is wet, heat transferred by moisture in the capillaries adds to the density of heat flow
rate. The thermal conductivity of water is 0.60 W/mK [1], which is more than 20 times higher than
of the air. Therefore, if water is present in the pore space, its effect competes with the effect of air,
and the thermal conductivity of a composite material can be considered as a result of this
competition, together with the effect of the solid matrix [2]. On this account, there is necessary to
have information on the dependence of thermal conductivity on moisture content rising.
Experimental measurement of thermal conductivity of several samples having different moisture
content is quite time consuming and in consequence expensive, new approaches for the assessment
of moisture dependent thermal conductivity have to be explored and tested in materials research.
Homogenization theories working with the concept of an effective medium have proven very
useful in a variety of applications in mechanics and in the theory of electricity and magnetism
where they already belong to well established treatments (see, e.g., [3]). Within the last couple of
years, some references appeared on using the effective media theories for estimation of thermal
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conductivity of refractory materials, foams, and polymer-based composites. In spite of very
promising results, the use of homogenization theory for the assessment of thermal conductivity of
lime-based composite materials is still exceptional until now.
In this paper we refer about application of homogenization theory for the assessment of the
moisture dependent thermal conductivity of lime-pozzolana composite materials. The measured
values of thermal conductivity are analyzed using several types of homogenization formulas
originally derived for application in electromagnetic field theory taking into account the limiting
bounds of the function of effective thermal conductivity.

EXPERIMENTAL METHODS AND STUDIED MATERIALS
Thermal conductivity as a main parameter describing the heat transport in materials can be
experimentally accessed either by steady state methods or by transient methods. For the
measurements presented in this work, the commercially produced device ISOMET 2104 (Applied
Precision, Ltd.) was used as a typical representative of transient impulse methods. ISOMET 2104 is
a multifunctional instrument for measuring thermal conductivity, thermal diffusivity, and
volumetric heat capacity. It is equipped with various types of optional probes whereas for our
experiments we have chosen surface probe. The measurements in this paper were done in laboratory
conditions at average temperature 23 ± 1°C. The material samples were first dried and after that
exposed to liquid water for specific time intervals. In this way, the different moisture content of the
studied samples was reached. The sample size for thermal conductivity measurement was 70 x 70 x
70 mm.
We have tested newly developed lime-pozzolana based plaster that should find use in
restoration and reconstruction of historical buildings (denoted VOM) and reference pure lime
plaster (VO). The composition of the studied materials is presented in Table 1.
Table 1. Composition of the studied lime based renders

Type of
mixture
VO
VOM

Lime hydrate
4.80
4.80

Amount in kg
Silica sand
0/2 mm,
Bratčice
14.40
14.40

Metakaoline
0,8

Water
4.80
4.80

Plaster mixtures were prepared using laboratory mixing machine with forced rotation for 3
minutes and then compacted using vibrating machine. Each mixture was cast into a cube moulds.
After two days were the samples unmoulded and then cured for 28 days in high relative humidity
environment.
Both the thermal properties and the moisture content of porous building materials depend
mainly on the pore structure of the particular material. Therefore, basic material parameters of the
studied materials were measured as well. Nominally, bulk density ρb [kg m-3], matrix density
ρmat [kg m-3], and total open porosity ψ [%] were determined. Bulk density was determined on
gravimetric principle, matrix density using Pycnomatic ATC. Total open porosity was then
calculated from these two quantities. The measured values of basic material parameters are given in
Table 2. Since the total porosity of the tested materials is almost the same, the similar thermal
performance of the investigated materials can be expected.
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Table 2. Basic material parameters of the studied materials

ρb

ρmat

Material [kg m-3] [kg m-3]
VO
1650
2605
VOM
1695
2620

ψ
[%]
36.7
35.4

HOMOGENIZATION THEORY
In terms of effective media theory, a porous material can be considered basically as a mixture
of three phases, namely solid, liquid and gaseous phase. In the lime based renders studied in this
work, the solid phase is represented by the products of joint hydration of lime hydrate, metakaoline
and silica sand, the liquid phase by water and the gaseous phase by air. On that account, the
homogenization procedure presented in this work was performed in two steps.
The first task was the determination of thermal conductivity of the lime and pozzolana-lime
based matrix. This was done on the basis of the known thermal conductivities and amounts of its
constituents. In this work, the thermal conductivity of solid matrix was calculated using the
Rayleigh [4] mixing rule

⎛ λcf − 1 ⎞
⎛ λ −1 ⎞
⎛ λm − 1 ⎞
⎛ λ −1 ⎞
λM − 1
= fc ⎜ c
⎟⎟ + f w ⎜ w
⎟,
⎟ + fm ⎜
⎟ + f c f ⎜⎜
2
λM + 2
λ
2
λ
+
+
cf
w
⎠
⎝ λc + 2 ⎠
⎝ λm + 2 ⎠
⎝
⎝
⎠

(1)

where λM is the thermal conductivity of the whole solid matrix, λs thermal conductivity of
silica aggregates (3.5 W/mK), λc thermal conductivity of hydrated lime – calcium carbonate
(5.5 W/mK), fs volumetric fraction of silica aggregates, fc volumetric fraction of calcium carbonate.
The values of thermal conductivities of particular components of lime-based composites were taken
from CRC Handbook of Chemistry and Physics [1]. Because the data on thermal conductivity of
metakaoline are not presented in literature, the effect of metaoline addition was involved into the
homogenization procedure within the evaluation of the effective thermal conductivity of the whole
dry lime based materials on the basis of the comparison of measured and calculated data. Using this
backward analysis, the effect of thermal conductivity of metakaoline on the thermal conductivity of
pozzolana-lime based composite was identified and considered in homogenization modeling.
The second step within the homogenization procedure represents evaluation of effective
thermal conductivity of the whole material, where the mixing is performed for solid matrix, air, and
water. As stated in literature, the function of effective thermal conductivity cannot exceed the
bounds given by the thermal conductivities and volumetric fractions of its constituents. Several
different bounds was already formulated and tested, especially in the theory of electromagnetic
field. In this paper, we used for the verification and validation of obtained results Wiener’s [5] and
Hashin-Shtrikman’s [6], [7] bounds.
The upper Wiener’s bound is reached in a system consisting of plane-parallel layers of
material constituents disposed along the heat flux vector. The lower Wiener’s bound is reached in a
similar system but with the layers perpendicular to the heat flux. The Wiener’s bounds are
expressed by the following equations

λeff = f1λ1 + f 2 λ2 + f 3 λ3 ,
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λeff =

f1

λ1

+

1
f2

λ2

+

f3

,

(3)

λ3

where Eq. (2) represents the upper limit and Eq. (3) the lower limit of the effective thermal
conductivity (fj is the volumetric fraction of the particular phase, λj its thermal conductivity, and λeff
effective thermal conductivity of the whole porous body).
Hashin-Shtrikman’s bounds were originally derived for two-phase systems only. However,
we have performed their extension to three- and four- phase systems. The lower limit of the
effective thermal conductivity function can be expressed as

λlower = λ1 +
n

∑
i=2

3λ1
,
1
−1
λ −λ
fi i 1
2λ1 + λi

(4)

and the upper limit as

λupper = λn +
n −1

∑
i =1

3λn
.
1
−1
λ − λn
fi i
2λn + λi

(5)

In Eqs. (4)-(5),
f1 – fn are the volumetric fractions of the particular phase
(f1 + f2 + ... + fn = 1), and λ1 – λn are their thermal conductivities, whereas λ1 < λ2 … < λn.
The second step within the homogenization procedure represents evaluation of effective
thermal conductivity of the whole material, where the mixing is performed for solid matrix, air, and
water.
For the evaluation of effective thermal conductivity of the whole material several different
homogenization techniques can be used. In this paper we have used formulas proposed by
Lichtenecker [8], Dobson [9], and Polder and van Santen [10].
The Lichtenecker’s formula is expressed by Eq. (6)

λkeff = ∑ f j λkj ,

(6)

and represents straightforward generalization of Wiener’s formula whereas the parameter k
varies within the [-1, 1] range.
Because of the large difference between the thermal conductivity of free and bound water in
porous medium, Dobson et al. extended the Lichtenecker’s power-law formula. They arrived at the
following relation

λeff β − θbw (λbw β − λ fw β ) − (1 −ψ )λs β −ψλa β
θ=
λ fw β − λa β

(7)

that takes into account the effect of partial water bonding on the pore walls and contribution
of thermal conductivity of bound water to the effective thermal conductivity of partially wetted
materials. In Eq. (7), θbw is the amount of water bonded on pore walls [m3/m3], λbw the thermal
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conductivity of bound water (according to [11], the bound water can be assumed to have the same
thermal conductivity as ice, so near -20°C it is equal to 2.4 W/mK), λfw the thermal conductivity of
free water (0.6 W/mK), λa the thermal conductivity of air (0.026 W/mK), ψ the total open porosity,
and β is an empirical parameter.
Also the effect of the shape of particular constituents can have significant influence on the
accuracy and reliability of homogenization formulas for specific groups and types of materials.
Polder and van Santen formulated formulas that are valid for spherical inclusions (Eq. (8)) , needleshape inclusions (Eq. (2)), and board-shape inclusion (Eq (3)). The final formulas can be written in
the following way

λeff = λ M + ∑ f j (λ j − λ M ) ⋅
λeff = λ M + ∑ f j (λ j − λ M ) ⋅
λeff = λ M + ∑ f j (λ j − λ M ) ⋅

3λeff
2λeff + λ j
5λeff + λ j
3λeff + 3λ j

2λ j + λeff
3λ j

,

(8)

,

(9)

(10)

.

RESULTS AND DISCCUSION
The results obtained for the reference plaster VO calculated by application of Lichtenecker’s
formula are presented together with the measured data in Fig. 1. We can see the effect of parameter
k that was used as empirical fitting parameter for the performed calculations.
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Figure 1 Measured and calculated results for VO, Lichtenecker’s formula
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Relatively good agreement between calculated results and measured data was obtained in the
lower moisture contents, typically up to 10% of volumetric moisture. On the other hand, for the
highest moistures, the Lichtenecker’s equation completely failed and no reasonable results were
obtained. Fig. 2 presents the results obtained by application of Dobson’s four phase model for
material VO. In this case, based on the parameter β and amount of bound water, the very good
agreement between measured and calculated data was obtained in the higher moisture contents.
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Figure 2 Measured and calculated results for VO, Dobson’s formula
Results of application of Polder and van Santen’s models for material VO are given in Fig. 3.
In this figure, the bounds of effective thermal conductivity function are presented as well.
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Figure 3 Measured and calculated results for VO, Polder and van Santen’s formulas
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Very good agreement with measured data was observed again in the range of higher moisture
contents but only for model taking into account the needle inclusions in the material. Other tested
models completely failed. However, the measured result fulfils the conditions of limiting Wiener’s
and Hashin-Shtrikman’s bounds. This finding can be considered as a certain verification of the
performed measurements. The results obtained for material VOM are presented in the following
figures.
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Figure 4 Measured and calculated results for VOM, Lichtenecker’s formula
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Figure 5 Measured and calculated results for VOM, Dobson’s formula
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Figure 6 Measured and calculated results for VOM, Polder and van Santen’s formulas
In the case of VOM material, the best agreement between measured and calculated data was
obtained by application of Dobson’s four phase model. However, two fitting parameters were
considered in calculations.

CONCLUSIONS
The measured data presented in this paper can find utilization in practical applications of the
studied lime based composite renders. The analyzed homogenization techniques were found to be
applicable for evaluation of moisture dependent thermal conductivity although the obtained error
bar is quit high. Therefore, some other, more detailed analysis will be necessary, with a particular
attention to the thermal conductivity values of the components of the lime matrix.
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Abstract
Hydration of a silicate binder is a highly exothermic reaction, thus it is possible to characterize the hydration process from the development of temperature of reactive mixtures.
The calorimetric isoperibolic method is a very simple and relatively accurate method for
the monitoring of hydration heat. The received experimental data are helpful for the formulation of a model of thermal behaviour of a large monolithic reinforced concrete structure.
Key words: Cement, hydration heat, chemical admixtures, calorimeters, reinforced

concrete.

1. Hydration of cement
Hydration of cement is a exothermic reaction; the minerals contained in cement react with
water and the products are badly soluble compounds, whose fixed connections form the microstructure of the hardening concrete. The intensity of the production of hydration heat depends on the rate of active reactions, conditioned by the mineralogical content of cement, by
the presence of active admixtures and also on the environment.
The total amount of the produced hydration heat for a totally hydrated cement specimen is
given as a sum of hydration heats corresponding to particular minerals, whose values differ
substantially – see Table 1. This fact is able to explain the varying rate of hydration reactions,
in the first rough estimate being proportional to the released hydration heat. Namely in the
case of the pure Portland cement the dominating part of hydration heat belong to C3S.
mineral

hydration heat
[J.g-1]

C3A

800-1280

C3S

380-540

C4AF

120-440

C2S

90-110

CaO

1116

MgO

812

Table 1: Values of hydration heat for some important minerals.
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2. Methods for identification of hydration heat
In general, there are two basic types of methods for identification of hydration heat:
a)

the direct methods, based on the recording of temperature changes of a test specimen
under strictly defined boundary conditions,

b)

the indirect (dissolving) methods, evaluating the hydration heat from the dissolving
heat of the hydrated test specimens (after 7 and 28 days) in certain acid mixture.

The direct methods are rather accurate, but their output is only the total amount of hydration
heat just at one selected time of the hydration progress. For the evaluation of hydration heat
for a sample which is not hydrated completely, the test specimen has to be washed by the
ethyl-alcohol and consequently desiccated.
The indirect methods enable us to record the evolution of quantities proportional to the intensity of production of hydration heat; the total amount of hydration heat can be then obtained
from the integration of this intensity in time. Three mostly used types of indirect methods are:
i)

the adiabatic (or semi-adiabatic) methods with no or negligible heat exchange between a test specimen and the environment during the whole measurement,
ii) the isothermal methods where a test specimen is tempered to a certain temperature
and the thermal flux between a test specimen and the environment is recorded,
iii) the isoperibolic methods where the strictly prescribed conditions for the hydration
are designed to simulate (as much as possible) the hydration process in a real building object.
Let us pay more attention to the method iii). This method can be applied both to the characterization of time-dependent production of hydration heat for binder mixtures and to the
analysis of the modifying effect of chemical admixtures. Neglecting the thermal accumulation
effect, we can consider the intensity of production of hydration heat as proportional to the
measured temperature.

Figure 1: Evolution of hydration temperature in time.
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Several colour curves at Figure 1 show the example of the time development of hydration
temperature as a function of time. Various colours correspond to the different percentage of
the calcium-nitrate-based admixture and (for comparison) to the environment.

3. Three-dimensional computational modelling
From the physical point of view, hydration is a complicated process, driven by a lot of interal
thermodynamic relations and equilibrium conditions. The controlled evolution of temperature
is needed especially in the case of massive monolithic constructions where a great mass of
concrete is concentrated; such structure has a high thermal-accumulation ability and a relatively low amount of thermal losses through its surfaces. For the resulting development of the
temperature the following influences seem to belong to the most relevant:
 the quality and amount of the applied cement,
 the geometrical configuration: the shape and the boundary conditions, determined by
the foundation and boarding properties,
 the amount and concentrations of all chemical admixtures,
 the initial temperature of a concrete mixture and the time schedule of its depositing,
 climatic conditions.
Further influences, as the effect of cooling of the concrete surface, depend on the regime of
the water treatment and with of the removal of boarding of particular fragments. However, the
most important seems to be the first influence, whose direct connection with the reaction kinetic is evident; its evaluation, required by the computational modelling, can be performed
using the calorimetric measurements.
The distribution of some temperature field t in an arbitrary volume, characterized by the Cartesian coordinates (x, y, z), and also in an arbitrary time τ , can be obtained from one partial
differential equation of evolution (of the parabolic type) in the form
∂  ∂t  ∂  ∂t  ∂  ∂t  ∂ Q
∂t
− ρ .c
=
0
 λx  +  λ y  +  λz  +
∂x  ∂x  ∂y  ∂y  ∂z  ∂z  ∂τ
∂τ

(1)

where Q is the energy of internal sources (in general a function of x, y, z and τ ), ρ is the material density, c is the heat capacity and λ is the thermal conductivity: in general it can be different in the directions x, y, z, which is distinguished by its index.
If (1) is formulated for certain domain Ω then its boundary Γ can be divided into two nonoverlapping parts, Γ1 and Γ2 , where the mixed boundary conditions are prescribed. The nonhomogeneous Dirichlet boundary condition with some prescribed function t is
t = t ( x, y, z ,τ ) on Γ1 .

The remaining boundary condition

λx

∂t
∂t
∂t
ν x + λ y ν y + λz ν z + q ( x, y, z ,τ ) + α ( x, y, z,τ )( t − t∞ ) =
0 on Γ2
∂x
∂y
∂z

is more complicated, containing the local outward unit normal vector (ν x ,ν y ,ν z ), corresponding to particular points of Γ2 , the prescribed heat flux q and the a priori given thermal convection factor α ; t∞ refers to the temperature of the outer environment. Moreover the initial setting of t (for τ = 0) must be given. The numerical analysis of (1) with the above presented
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boundary and initial conditions can be seemingly done in the standard way, e.g. using the finite element technique and the Crank-Nicholson time-integration scheme by [3]; however, the
reasonable setting of q, Q, etc. requires a lot of (not only) experimental work. The advantage
of the original computational model, created at the Institute of Building Materials of the Faculty of Civil Engineering of the Brno University of Technology, is its ability to handle the
changes of the domain geometry in time (respecting the fact that the concrete construction is
created in several steps), the time-dependent internal generation of hydration heat, due to the
age of each concrete element in the massive, and such surface phenomena, as the incorporation of the latent heat of evaporation, the influence of sun shining, the (nearly) periodic development of the climatic temperature in the day cycles, etc.

Figure 2: Distributions of temperature in the fragment with and without electrical heating
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Figure 2 demonstrates a typical example of the development of temperature in time in one
fragment of the large concrete construction, built in more steps – in each step one new fragment was added to the end of the existing one. The risk of undesirable stresses in the massive
near the working interface the effect of additional electrical heating was tested and the corresponding changes in the temperature field were simulated during 97 hours. The left-hand pictures show the heating-modified temperature fields (for various times), the right-hand ones the
same fields without such arrangement; especially at the last couple of pictures certain effect of
additional heating is visible immediately.

4. Risk of cracking
The experimental measurements yield the hypothesis that the probability of crack initiation in
concrete is proportional to the highest reached temperature. Since the hydration process has
an exothermic character, the early age of concrete is a critical period, namely for the monolithic constructions. The temperature increase can endanger the final status of the whole structure from the point of view of its design properties, especially the inner concrete structure, the
porosity, the often required water impermeability, etc. Even the final strength of concrete is
usually correlated with the amount of the produced hydration heat.
The tensile stresses during the hydration heat generation in the early-age concrete are very
small because of the negligible elasticity modulus. The risk of crack initiation increases with
the stiffening of the concrete structure, accelerated in the first phase thanks to the hydration
temperature. Therefore in the case of the waterproof concrete the maximum temperature is
reduced using special arrangements, limiting the amount of binder and water for the mixture.
The expected values of shrinking are shown at Figure 3, coming from [1].

Figure 3: Concrete shrinkage as a function of the amount of cement and water.

4. Conclusion
The analysis of thermal fields in the early-age concrete, sketched in this paper, has been motivated by the practical action of the successive building of a large object. It makes use of some
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preliminary results, presented in [2], as well as of the experience with some special arrangements, including e.g. the additional reinforcements and the special boarding technology by
[1].
However, the results are still far from being satisfactory. The further (both theoretical and
experimental) research should come from the scale bridging between the microstructural information and the macroscopic description of material behaviour like (1), extended by some
multiphysical considerations, namely by the thermo-mechanical ones with the proper analysis
of the moisture influence (cf. [4] where much more references to the relevant literature, including physical principles, mathematical and numerical theory and commercial and research
software, can be found, too) to predict the dangerous tensile stresses in the non-reinforced
domains in the first step and to control the pre-stressing in the construction with respect of its
future use in the second one.
Acknowledgement. This research is supported by the Ministry of Education, Youth and
Sports of the Czech Republic, No. MSM 0021630511, DT7.
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Abstract:
Long-term on-site assessment of hygrothermal performance of an interior
thermal insulation system on hydrophilic mineral wool basis without water
vapour barrier applied on a brick wall is presented in the paper. Experimental
results show that the system functioning is flawless during the whole studied
time period of four years after reconstruction of the building.
Keywords:
Interior thermal insulation system, hygrothermal performance, long-term on-site
assessment

INTRODUCTION
Building envelopes provided with the additional interior thermal insulation systems on the
basis of hydrophilic mineral wool without water vapour barrier were subjected to extensive
computational analyses during the last few years [1-3]. Several semi-scale tests of their
hygrothermal performance in the conditions very close to reality were performed as well [4-6]. The
computational and experimental results revealed very good hygrothermal performance of
hydrophilic mineral wool in the interior thermal insulation systems applied for several different load
bearing structures. However, a convincing proof of the proper hygrothermal function of these
systems in on-site conditions was not given yet.
In this paper, long-term on-site assessment of hygrothermal performance of an interior
thermal insulation system on hydrophilic mineral wool basis without water vapour barrier applied
on a brick wall is presented.

DESCRIPTION OF THE LONG-TERM ON-SITE TEST OF HYGROTHERMAL
PERFORMANCE

A kindergarten building in Prague was chosen for the pilot-scale application of the developed
interior thermal insulation system. The main reason for this choice was its broken façade, which had
to be maintained in its original appearance.
The building was built at the end of the 19th century and corresponds to the urban planning
typical for that time. It is a two-storied brick building including a partial cellar. The building has
wagon-headed trusses and in the basement there are brick-built wagon-vaults. The truss is wooden
with intermediate and apex purlines. The roofing is from Bonn’s shingle loaded on the clapboards.
The main stairways are two-armed with the stairs on the stair carriages. The walls have stuccos.
There are wooden double windows on the eastern, southern and western part of the facade. Wooden
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windows with double glass in a simple construction are in the yard part. The doors are mainly of a
modern design. They have steel pressed doorframes. Most of the floors have vinyl flooring. There is
ceramic pavement in some parts of the floors.
The main purpose of the reconstruction work was the increase of the thermal resistance of the
building envelope. This increase was achieved mainly by the installation of the hydrophilic mineral
wool assemble on the inside surface of a part of the external walls. In order to increase the overall
efficiency of the thermal insulation, the ceiling below the roof was thermally insulated using
exterior mineral wool insulation.
The preliminary work consisted in careful scaling of all painting coats. Damaged plasters
were repaired with lime-cement plaster with stucco surface finish. All damaged places in the plaster
due to the inner arrangement and decoration were also repaired. A base coat for the application of
the interior thermal insulation system was obtained in this way. The surface where old paint was
removed was covered with a universal underlying paint. The inside wooden wall facings were
displaced.
The interior thermal insulation was placed on the external walls of all rooms, where the
children stay most of the time (playrooms, cabinets, bedrooms) and in the neighboring staff cloakrooms. The insulation used for this reconstruction was designed in the thickness of 80 mm, due to
the space limitations. The value of the thermal resistance of this insulation was determined in
laboratory experiments as R = 1.43 m2K/W (for 95 % relative humidity). By this account, the total
thermal resistance of the construction was higher than the thermal resistance required by the Czech
standards with the preservation of the current thickness of the brick-built external walls at 600 mm.
The thermal resistance of the construction with additional thermal insulation in the parapet location
and with the thickness of the walls of 450 mm achieved the standard requirements.
The DU hydrophilic mineral wool thermal insulation boards consisted of two layers of
different density, which were compactly connected. The hard layer had a thickness of 30 mm, and
the thickness of the soft layer was 50 mm. The dimensions of the boards were 600 x 1000 mm.
The KAM leveling render was used for gluing of the boards to the wall surface, and played
the role of water vapor retarder as well. This render was applied both on the entire surface of the
wall and on the entire surface of the boards. The elements sticking out from the basis were padded
by the leveling render all around their perimeters.
The mineral wool boards were assembled from the bottom upwards. The vertical board
connections were alternating over one half of the board width in order to bond them, and the boards
were pinned hard upon the wall. Disk plugs were used for attaching the board. One piece was
always used on one board in its center. The holes for these disk plugs broke compactness of the
leveling render layer under the thermal insulation. Therefore, the binding assembling foam was put
into these holes using an applicator before the disk plugs were inserted and activated. The damaged
leveling render layer near the plug shank was sealed in this way.
The internal plaster FFP was applied in the following way. First an FFP layer 3 mm thick was
put on the boards, then netting was applied, another layer of FFP covering 1.5 mm thick after that,
and finally an FFP layer 1.5 mm thick. The final layer was painted with 2 coats of a common paint.
The walls without adaptations were painted with just one coat of the same paint.
The socket outlets on the insulated walls were fixed into the hard layer of the thermal
insulation boards. They were anchored with the gypsum mixture. It was necessary to remove the
window lining plaster before the application of the thermal insulating system. A curtailed hard layer
of hydrophilic mineral wool boards 30 mm thick was used for the thermal insulation of the window
heads and window reveals. The adaptation of the window casements and casings, including addition
of the external window casements sealing, were carried out to improve the value of the thermal
resistance of the envelope. The enlargement of the current wooden window stools over the added
hydrophilic thermal insulation was performed at the same time. The constructions of the windows
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were then painted with two coats of paint. The facing of the wooden walls was fixed on the
supporting structure made from lathes. These lathes created the space for ventilation between the
thermal insulating surface and the facing of the wooden walls. Gummy foam was used for mounting
the frame of the wooden wall facing on the insulating layer. The technology of work and
constructive details are demonstrated in Figures 1a, b.

Figures 1a, b Selected constructive details

Common hydrophobic mineral wool boards were laid on the cleansed loft floor. Two layers
each 80 mm thick were applied, so that the total thickness of the thermal insulation layer was 160
mm. The building reconstruction was completed between June and August 2002. Since the
described reconstruction was considered as a pilot-scale test of the designed insulation system, it
was necessary to study the hygrothermal function of the building before and after reconstruction.
The measurements of hygrothermal behavior of the studied structure before building
reconstruction were carried out between November 2001 and May 2002. Thermal and hygric
parameters were measured in three profiles, on the southern and eastern flank of the ground floor
and on the western flank of the second floor. Air temperature at the exterior and at the interior,
temperature of the external and the internal surfaces, relative humidity in the exterior and interior
and temperature of the radiator surface were measured in every profile.
Combined capacitance probes were used for temperature and relative humidity
measurements. In addition, type K thermocouples (NiCr-NiAl) were used for some temperature
measurements. The data were recorded in 30-minute intervals and collected in a central unit. The
measurements of temperature and relative humidity after reconstruction were carried out since
October 2002 until June 2006.

EXPERIMENTAL RESULTS AND DISCUSSION
Figs. 2, 3 show time development of temperatures and relative humidities in the east wall
during the last winter before the reconstruction, Figs. 4, 5 during the second winter after
reconstruction.
A comparison of temperatures in Figs. 2, 4 shows the positive thermal qualities of the
applied interior thermal insulation system. The most substantial temperature changes occurred in
the thermal insulation layer.
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Figure 2 Time development of temperatures in the east wall during the last winter before the
reconstruction
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Figure 3 Time development of relative humidity in the east wall during the last winter before the
reconstruction
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Figure 4 Time development of temperatures in the east wall during the second winter after
reconstruction
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Figure 5 Time development of relative humidities in the east wall during the second winter
after reconstruction
150

THERMOPHYSICS 2008

Kočovce, October 16-17, 2008

The hygric performance of the system was also found to be excellent. Fig. 5 shows that the
maximum values of relative humidity on the surface of water vapor retarder, which is the critical
point of the designed system, were in the winter period approximately 42%. This is very far from
any condensation danger. The higher values of relative humidity in the beginning of the summer
period (57%) were caused by a period of rain but the condensation was far from occurring either.

CONCLUSIONS
The on-site experimental analysis presented in this paper gave evidence that the
hygrothermal performance of the studied interior thermal insulation system was flawless during the
whole time period of four years after building reconstruction. The thermal performance was on the
expectedly high level. Water condensation never appeared inside the envelope during the whole
four years of testing.
The designed system can find application in practice particularly in the field of
reconstruction of historical buildings and contemporary buildings with complicated facades where
the application of exterior thermal insulation systems is impracticable. It can also conveniently
replace the currently used interior thermal insulation systems with vapor tight layer that are
susceptible to easy mechanical damage.
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Abstract
The reliable analysis of heat transfer in real materials cannot avoid the information about
their microstructure. The global computational modelling, covering both the microstructural material properties and the macrostructural behaviour of the whole specimen or even
of the complete construction, is usually very expensive or even impossible in practice.
This is the principal motivation for the development of the mathematical theory of homogenization, which describes the replacement of a real composite material by a fictious
homogeneous one. The approach based on the notion of the two-scale convergence, covering the gap between the weak and the strong convergence in the case of the periodic or
quasi-periodic material structure, seems to be useful and physically transparent not only
for the pure heat transfer, both for the steady-state and the time-dependent ones, but also
for its coupling with other important physical processes. However, most such multiphysical problems contain still a lot of open questions and some microstructural formulations
seem not to be able to be homogenized easily.
Key words: Heat transfer, homogenization techniques, two-scale convergence.

1. Mathematical modelling of heat transfer
Advanced materials used in engineering have typically a complicated microstructure, whose
simple and intuitive macroscopic representation is not available. On the other side, the distributions of macroscopic quantities, as temperature, strains and stresses, moisture content, concentrations of components or contaminants, etc., are required as final outputs of technical calculations. The simultaneous numerical computations covering the scales from micro- or nanometers (in the case of the microstructural analysis) to meters (for the material specimen or
even for the complete construction, typically for some building object in civil engineering) are
usually not available: they are very expensive even for the relatively simple model problems
and impossible for the realistic computations required by engineering and technological applications. This is the principal motivation for the development of physically transparent computational and numerical techniques of scale bridging, known as the mathematical homogenization (despite the fact that not it all cases the limit description corresponds to quite physically
homogeneous material properties).
The history of intensive research in the mathematical homogenization is relatively short, being connected with the technological progress both in the development of advanced materials
and in the computer hardware and software. Most authors start with the citation of [3] as the
pioneering work in homogenization motivated by engineering problems; however, in the particular cases certain analogous approaches can be found in some old studies from the beginning of the 20th century, namely in [39] for the one-dimensional heat propagation through a
layered medium. In this paper, especially at the beginning, we shall pay (for simplicity) attention to the pure heat transfer in a physically isotropic domain Ω located in the threedimensional Euclidean space R 3 with a (sufficiently smooth, e.g. Lipschitz) boundary ∂Ω ;
thus the Cartesian coordinate system x = ( x1 , x2 , x3 ) is available, the classical differential operators ( ∇ , div , ⋅ for scalar products, …) can be used and the analysis of the existence and
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uniqueness of solution, of the convergence of sequences of approximate solutions, etc., can
refer to the standard results from the theory of function spaces by [19], namely of the Lebesgue and Sobolev ones, discussed in great details in [23]; the commonly used notation of function spaces will be applied here without further explanation.
We shall consider the boundary ∂Ω divided into two parts, Γ and Γ∗ , where ∂Ω = Γ ∪ Γ∗ .
The heat transfer is driven by the external heat flow q ( x) on Γ and by the internal heat
source r ( x) in Ω . We are seeking for the distribution of temperature T ( x) , conditioned by
the heat conduction factor λ ( x) on Ω , with respect to the prescribed temperature T∗ ( x) on
Γ∗ , extensible formally to Ω . The differential formulation of the problem can be then written
as
−div(λ∇(τ + T∗ )) =
r

(1)

∇λ ⋅ν =
q

(2)

on Ω and
on ∂Ω , supplied with the unit normal vector ν ; the new variable τ= T − T∗ is introduced to
force τ = 0 on Γ∗ . Let us remark that in general (1) and (2) (for a non-smooth τ ) should be
understood only in a distributive sense (not very transparent for the physicists and engineers);
nevertheless, this can be removed by the integral formulation, coming from the GreenOstrogradskiǐ theorem: we have to find such τ ∈ V that
(∇v, λ∇τ )= (v, r )+ < v, q > −(∇v, λ∇T∗ )

(3)

holds for all v ∈ V ; assuming r ∈ L2 (Ω) , q ∈ L2 (Γ) , T∗ ∈ W 1,2 (Ω) and some positive bounded
λ on Ω and applying the notation of scalar products
(ϕ ,ψ ) =
∫ ϕ ( x)ψ ( x) dx
Ω

for all ϕ ,ψ ∈ L2 (Ω) and
(ϕ ,ψ ) =
∫ ϕ ( x)ψ ( x) dσ ( x)
Γ

for all ϕ ,ψ ∈ L2 (Γ) ( σ means the Hausdorff surface measure), we have aa appropriate space
of test functions
V = {v ∈ W 1,2 (Ω) : v1 = v2 = v3 = 0 on Γ∗ }.

The solution of (3) is relatively easy and can be performed numerically by probably every
software package for the analysis of problems of building physics, continuum mechanics and
related fields. The main difficulty is that we do not know how to set λ at the macroscopic
scale to incorporate the information from the microscopic one. The naive averaging gives
evidently bad results: e.g. the well-known result

2

λ

=

1

λ1

+

1

λ2

,

valid, following [39], for a specimen of the thickness h consisting of a large number n of
parallel layers of the same thickness ε = h/ (2n) where the odd and even ones have their heat
conduction factors λ1 , λ2 ,…, λ1 , λ2 with n → ∞ (alternatively: ε → 0 ) and the heat transfer is
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considered only in the direction perpendicular to such system of layers, is quite different from
the arithmetical average
=
λ

λ1 + λ2
2

;

both results coincide just for λ1 = λ2 , i.e. for the a priori ideal homogeneous medium.
The assumption on the steady-state heat transfer may be not acceptable in a lot of cases of
practical importance. Namely in the analysis of the heat transfer in building the setting of λ
reflects only the effect of thermal insulation, not that of (time-dependent) thermal accumulation. Thus (1) has to be extended to the form

κ (τ + T∗ ) − d v(λ∇i(τ + T∗ )) =
r

(4)

with the dot convention for the partial derivative with respect to the time t increasing from
zero to some final time t∗ , where at least q , r and consequently also T are allowed to be
functions of the time variable t ; κ here is introduced as κ ( x) = c( x) ρ ( x) where c( x) is the
heat capacity and ρ ( x) the material density on Ω . Since (2) stays formally unchanged, (3)
converts to

(v, κτ) + (∇v, λ∇τ )= (v, r )+ < v, q > −(v, κ T∗ ) − (∇v, λ∇T∗ )

(5)

for all v ∈ V ; for the time interval I= [0, t∗ ] and the zero-valued τ in the initial time t = 0 we
must consider r ∈ L2 ( I , L2 (Ω)) , q ∈ L2 ( I , L2 (Γ)) , T∗ ∈ L2 ( I , W 1,2 (Ω)) and some bounded λ
and c on Ω and try to find τ ∈ L2 ( I , V ) and consequently T ∈ L2 ( I , W 1,2 (Ω)) . The discussion
concerning the identification of λ can be then repeated for κ (or separately for c and ρ ),
too.

2. Classical homogenization techniques
The first attempt to overcome the difficulty with the identification of some effective value of
λ can be done in the following way: we can start from the correct fine ε -scaled configuration where τ ε is nothing else τ from (3) (or alternatively (1) and (2)) with known λ ε which
refers just to exact λ (often considered as periodic or quasi-periodic on Ω in practice), thus

(∇v, λ ε ∇τ ε )= (v, r )+ < v, q > −(∇v, λ ε ∇T∗ ) ,

(6)

and the aim is to find such λ that the sequence λ ε ∇τ ε from (6) converges weakly to λ∇τ
from (3) in L2 (Ω) . This type of convergence, known as H -convergence in the literature, has
found wide acceptance in the composites modelling community, for its ability to incorporate
and estimate effective material properties from a representative unit cell, as suggested in [3].
The classical works [4] and [30] are commonly cited to demonstrate that such H -limits λ of
corresponding sequences λ ε where ε → 0 can be calculated explicitly for periodic systems,
although their evaluation is much more complicated than in the one-dimensional case in the
historical work [39]. However, in general the derivation of H -limits is not explicit and requires to solve additional non-trivial problems; all details (including the comparison of H -,
G - and two-scale limits, the formal mathematical existence and convergence proofs and engineering applications) can be found in [7].
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The complicated evaluation of H -limits has motivated the improvements of the concept of
H -convergence; here we shall mention only two important directions. For the convergence of
λ ε in the corresponding space of linear operators (or the convergence of the Green operator)
the literature (not only for the heat transfer, but in the more general context) refers to G convergence (cf. [32] and [9])). The convergence of the triples (λ ε ∇τ ε ,∇τ ε ,τ ε ) is known as
Γ -convergence (cf. [24], [10] and [8]). Nevertheless, in such classification the announced
two-scale convergence could be interpreted as a specific case of H -convergence, taking
usually in account some (quasi-)periodicity of the solution and working with certain rather
strange limit functions; in the following text we shall demonstrate a greater significance of the
two-scale analysis.
Let us remark that, namely in the last two decades, the above mentioned method have been
generalized substantially to handle much more general problems than that formulated by (6)
and (3); however, we shall not discuss such generalizations in details to preserve the simplicity and transparency of our notations. Only for the future reference we shall rewrite (5) to the
slightly generalized version of (6),
(v, κ ε τε ) + (∇v, λ ε ∇τ ε )= (v, r )+ < v, q > −(v, κ ε T∗ ) − (∇v, λ ε ∇T∗ )

(7)

where not only one sequence λ ε , but a couple of sequences (λ ε , κ ε ) of material characteristics, coming from the fine scale, but tending to some effective (λ , κ ) for (5), occurs.

3. Two-scale convergence analysis
The two-scale convergence was introduced originally in [26], but this pioneering work (whose
form is not very reader-friendly) has not been accepted as an important tool in the homogenization theory immediately. Most authors, using the mathematical two-scale homogenization
and the corresponding convergence results to the analysis of physical or technological problems, or even those trying to generalize the formal definition of a (strong or weak) two-scale
limit, refer to the later rather extensive overview [1]; its notation will be therefore applied also
in this paper. Some useful generalizations will be discussed later.
Let Y be the unit cube in R 3 : Y = [0,1) × [0,1) × [0,1) . This cube should correspond to certain
representative volume (small in practice) at the fine scale; thus it would be physically more
convenient to take some cube of a realistic volume, but according to ε → 0 the additional
assumption vol Y = 1 brings no loss of generality and simplifies most equations. The space of
Lebesgue square integrable Y -periodic functions will be denoted by L2 (Y# ) . Its elements are
Y -periodic; its restriction to Ω belongs to L2 (Ω) , although its norm is constructed over Y
only.

Let us now introduce the two-scale convergence; ε will be a positive real constant (everywhere in this paper). Let S be certain space of admissible functions from L2 (Ω × Y ) . A sequence u ε is said to two-scale converge to a limit u 0 ∈ L2 (Ω × Y ) iff
lim ∫ u ε ( x)ϕ ( x, x=
/ε ) dx
ε →0 Ω

∫ ∫

Ω Y

u 0 ( x, y )ϕ ( x, y ) dy dx

(8)

for all ϕ ∈ S . The choice of S by various authors is different; for our purpose
S= C (Ω, L2 (Y# )) will be sufficient. Let us remark that the seemingly simplest setting
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=
S L2 (Ω × Y ) is not acceptable, unlike =
S L2 (Ω, L2 (Y# )) (for the detailed explanation see
[13]).
An alternative definition can be rewritten from [2]: Let us consider the system of k -shifted
and ε -scaled cells =
Ykε ε (Y + k ) for all triples of integers k = (k1 , k2 , k3 ) ; this system covers
the whole space R 3 , containing Ω . Let aε be a measure preserving mapping of Ω × Y onto
Ω defined by =
aε ε ( y + k ) for x ∈ Ykε if Ykε is included in Ω (i.e. contained in inner cells)
and as aε = x for x ∈ Ykε ∩ Ω (i.e. contained in boundary cells). Let Aε be a transform of
L2 (Ω, L2 (Y# )) into L2 (Ω × Y ) defined by
( Aε vε )( x,=
y ) vε (aε ( x, y ))
for any sequence vε in L2 (Ω) . A sequence u ε is said to weakly two-scale converge to a limit
u 0 ∈ L2 (Ω × Y ) iff Aε u ε weakly converges to L2 (Ω × Y ) . A sequence u ε is said to strongly
two-scale converge to a limit u 0 ∈ L2 (Ω × Y ) iff Aε u ε strongly converges to L2 (Ω × Y ) .
As verified in [25], the weak two-scale convergence can be identified with the two-scale convergence by (8). The strong two-scale convergence can be characterized as the (weak) twoscale convergence with the additional requirement
lim=
uε 2
ε →0

L (Ω)

u0

L2 ( Ω×Y )

.

The most useful lemmas working with the two-scale convergence with ε → 0 are:
On the compactness: If u ε is a bounded sequence in L2 (Ω) then, up to a subsequence, u ε
two-scale converges to some u 0 in L2 (Ω × Y )
On the function products: If u ε is a strongly two-scale converging sequence to some
u 0 ∈ L2 (Ω × Y ) and vε is a two-scale converging sequence to some v 0 ∈ L2 (Ω × Y ) then

∫

Ω

u ε ( x)vε ( x) dx=

∫ ∫

Ω Y

u 0 ( x, y )v 0 ( x, y ) dy dx .

On the weak and strong convergence: If u ε is a strongly converging sequence to some u in
L2 (Ω) then also u ε strongly two-scale converges to u ∗ in L2 (Ω × Y ) where u ∗ ( x, y ) =
u ( x)
for every x ∈ Ω and y ∈ Y If at least u ε is a two-scale converging sequence to some u 0 in
L2 (Ω × Y ) then u ε weakly converges to u in L2 (Ω) where
=
u ( x)

∫

Y

u0 ( x, y ) dy

for each x ∈ Ω .
On the gradients: If u ε is a bounded sequence in L2 (Ω) and moreover ∇u ε is bounded in
L2 (Ω, R 3 ) then, up to subsequences, u ε has certain two-scale limit in u ∗ in L2 (Ω × Y ) , whose
restriction u to L2 (Ω × Y ) comes from the preceding lemma, and also ∇u ε has a (vectorvalued) two-scale limit ∇u ∗ + ∇ y u1 where the gradient ∇ y is computed with respect to the
second variable y ∈ Y and u1 is certain element of L2 (Ω, W#1,2 (Y )) .
The careful application of these lemmas enables us to understand (3) as the two-scale limit
version of (6) and verify the existence of an effective λ on Ω for a sequence of quasi156
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periodic heat conduction factors λ ε defined by

λ ε ( x)= λ ( x, x/ε )
for all x ∈ Ω . Moreover, the strong convergence in L2 (Ω × Y ) can be helpful, too (especially
later in the numerical analysis). However, the guaranteed solution of (3) τ contains its oscillatory part τ 1 (cf. the lemma on the gradients), periodic on Y . The meaning of τ 1 is often
explained using the formal asymptotic expansion (see [1])

τ ε ( x)( x=
) τ 0 ( x, x/ε ) + ετ 1 ( x, x/ε ) + ε 2τ 2 ( x, x/ε ) + … ,
taking only first two right-hand-side additive terms with τ 0 and τ 1 into account. This leads
naturally to the suggestion to include more terms into consideration; such approach, known as
reiterated homogenization, has its good support inside the two-scale analysis.

4. Useful generalizations
The generalization of the above introduced two-scale analysis is available in several directions. Some small improvements are clear and simple: e.g. the isotropy assumption can be
easily removed, replacing the scalar factor λ by certain symmetrical matrix from R 3×3 , q can
contain a τ -variable term, incorporating the heat convection from the environment (or from
the adjacent layer), etc. It is also possible to admit that λ is a function of T or even to replace
λ∇τ totally by some function

l ( x,τ ( x),∇τ ( x)),
respecting some additional requirements, e.g. of the Carathéodory type, and replace also the
spaces L2 (Ω) , L2 (Γ) , W 1,2 (Ω) , etc., by the slightly generalized spaces Lp (Ω) , Lp (Γ) ,
W 1, p (Ω) , etc., with 1 < p < ∞ . More serious complications can be connected with the perforated domains (let us remind that most building materials have a non-negligible pore space)
and with the materials containing stiffening thin plates or long fibers located in the matrix: the
analysis of such problems requires to substitute the standard Lebesgue and Sobolev spaces by
some more general spaces working with the generalized Borel, Young, etc. measures; for
more information see [13], [5] and [20]. However, the strong and relatively simple results like
[6] cannot be then expected. This is caused by the loss of (quasi-)linearity of the problem and
by the absence of the standard compactness arguments from the theory of Hilbert (or at least
reflexive Banach) spaces; for more details and references see [37].
Another very useful generalization is the passage from the steady-state heat transfer to the
analysis of the time-variable redistribution of temperature, from the mathematical point of
view from an elliptic to a parabolic problem. The theoretical two-scale convergence results
are available from [16] (even admitting the time-scaled changes of material characteristics);
this enables us the passage from (6) and (3) to (7) and (5). The construction of the solution of
a parabolic problem from a sequence of approximate solutions of corresponding elliptic problems, based on the method of discretization time and applying the properties of sequences of
Rothe, is demonstrated in [35].
Unfortunately, also the periodicity assumption may be far from realistic ones; that the regular
location of particles in the material can predict quite other outputs than their stochastic distributions. This is an important motivation for the development of the two-scale analysis without
the deterministic periodicity. We have seen the incorrect results of the naive avaraging just in
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the very simple case of one-dimensional heat propagation; the more complicated anisotropic
configurations then need the support of advanced correlation analysis (see [18]). The approach of [17] and [31] tries to solve the sketched problem in the compatible way with the
standard notations in the Lebesgue and Sobolev spaces, replacing the Lebesgue, Hausdorff,
etc. measures by the probabilistic ones, applying the arguments from the theory of stochastic
processes. Another method is presented in [27]: using the basic concept, called homogenization structure, and the deep results from the theory of Banach algebras, the so-called Σ convergence promises to handle all known non-periodic formulations, including the probabilistic one (via the Radon measures and the Gelfand representations of special algebras). This
concept evidently involves the two-scale convergence as a very special case; however, its
application to most non-periodic engineering problems is not quite transparent and the whole
text expects the very experienced reader, familiar with the methods and results from various
branches of pure and applied mathematics; this may be the reason why e.g. the latest monograph on multiscale methods [28] ignores these results at all.
Moreover, the coupling of the heat transfer with other physical processes brings still new
problems. Especially the complex analysis of heat, air and moisture propagation (the so-called
HAM modelling, possibly accompanied with some contaminant) in buildings, based on the
classical thermodynamical principles, namely on the conservation of mass, inertia and energy,
leads, even in the case of a priori known macroscopic material characteristics, to some mathematical problems, whose solvability is not clear; for the more proper overview see [38].
The same is true e.g. for the hygro-thermo-mechanical modelling of the early-age concrete,
conditioning all later mechanical properties and the durability of the whole structure, discussed in [14]. Typically the treatment of such complicated problems uses various semiempirical ad hoc simplifications beyond the scope of this paper.

5. Numerical treatment
The number of papers presenting the computational algorithms and the results from the software applications performing the modelling and simulation of engineering problems is much
higher than the proper mathematical and physical studies, referenced in this paper. The very
frequent engineering approach consists of some experimental computations at various scales,
applying rather artificial boundary conditions to commercial software packages, composed by
the classical least squares method. Their (more or less strange) result generate good arguments for the minority of critical opinions like [12]: “it begins with naive euphoria” and consequently there is an “overreaction to ideas that are not fully developed, and this inevitably
leads to a crash”.
Omitting the ad hoc computations with no or weak theoretical support, we must notice some
studies of the two- or more-scale techniques, namely in the finite element method (but also
e.g. in the finite volume or finite difference methods or their various combinations). Some of
them do not apply any proper homogenization, being concentrated to the analysis of the (possibly parallelized) computations on two or more not necessarily nested grids. A very useful
iterative algorithm, based on the improved Schwarz-Cauchy inequality, has been suggested in
[15]; as shown in [36], it can be adopted also to the finite element analysis of linear problems
incorporating the two-scale approach, i.e. to the formulations like (6) and (3). The four crucial
steps of this algorithm (in the very simplified version) after the setting of the first estimate τ ∗0
of τ are:
1.

find such τ ε ∈ V ε that
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(∇vε , λ ε ∇τ ε ) = (vε , f )+ < vε , q > −(∇vε , λ ε ∇T∗ ) − (∇vε , κ ε ,∇τ ∗0 )
for all vε ∈ V ε ,
2.

2
set τ ∗1/=
τ ∗0 + ωτ ε ,

3.

find such τ h ∈ V h that

(∇v h , λ∇τ h ) = (v h , f )+ < v h , q > −(∇v h , κ∇T∗ ) − (∇v h , λ∇τ ∗1/ 2 )
for all v h ∈ V h ,
4.

set =
τ ∗1 τ ∗1/ 2 + ωτ h ,

etc. (obtaining τ ∗3 / 2 ,τ ∗2 ,…, until the error is significant); here ω ∈ (0, 2) is an appropriate relaxation parameter, V ε and V h are the finite-dimensional subspaces of V corresponding to
the fine scale and to the rough scale, respectively ( ε and h can be identified with the norm of
decomposition of Ω to finite elements, ε being much lesser than h , but the convergence
analysis works with simultaneous ε → 0 and h → 0 theoretically), and the a priori knowledge
of the effective value λ is assumed for simplicity. If the last statement is not true then the
construction of the approximate solution of certain non-trivial additional problem should to be
incorporated into the algorithm; for more details see [21] and [22].
The convergence analysis of the algorithms of the above sketched type enables us, at least for
the linear problems, to derive convergence results comparable with those known from the
classical finite element analysis. Some results beyond the linear formulations, both for the
steady-state and for the time-dependent formulations, can be found in [11]; nevertheless, the
formal verification of the existence of two-scale limits is available for a much larger class of
problems than the convergence for such fully discretized schemes.

6. Still open problems
We have mentioned several complex problems, whose theoretical analysis seems to contain
still more open questions than complete answers. Other typical problems of this type are those
containing some non-local phenomena, occurring often in the simulation of the initiation and
development of fracture, of the high-temperature phase transformation, etc. Even seemingly
simple one-dimensional problems can lead to the results where any reasonable two-scale
analysis is not available.
As an example we shall present the modelling of diffusive and massive phase transformation,
whose physical fundamentals are introduced in [33]. The evolution of q substitutional and r
interstitial, totally q − 1 + r , molar fractions c in one dimension is characterized in a Cartesian
coordinate x and in time t . The coordinate x moves from the left to the right together with
the interface of constant thickness h (from x = 0 to x = h ); the total size of the specimen is
H (in practice much greater than h ), the system is assumed to be closed (with zero boundary
fluxes) on the interval between x L (t ) and x R (t ) . One missing molar fraction comes from the
additional condition c1 + …cq =
1 . The resulting system of equations, starting from some a
priori known initial values of c , reads
C
C×
Bc′ + ( K + vN )c − N = vNc ◊ − N Ωj ◊ − N

τ

159

τ

(9)

THERMOPHYSICS 2008

Kočovce, October 16-17, 2008

×
where all variables are evaluated in time t , except C
=
C (t − τ ) , τ denotes the time interval,
referring (for simplicity here) to the implicit Euler method (the system of differential equations can be derived from such difference ones using the limit passage τ → 0 ); B , K and N
are square matrices of order q − 1 + r , B full, K and N diagonal, B and K depending on c ,
N dependent on x only, Ω is the constant molar volume and

C ( x,=
t)

∫

x

0

c(ξ , t )dξ ,

(10)

c ◊ refers to molar fractions and j ◊ to diffusive fluxes at x = 0 and

v=

Ω
M

q+r

∑∫
i =1

h

0

ci µi′ dx

(11)

for the prescribed chemical potentials µi as complicated functions of c ; a prime symbol denotes a derivative with respect to x . The system (9) comes from the mass conservation law
c − vc′ + Ωj ′ = 0

(12)

with
− Bc′ − Kc ;
Nj =
another consequences of (12) are
(C R − C R× ) /τ − v(c R − c ◊ ) − Ωj ◊ = 0

(13)

(C L − C L× ) /τ − v(c L − c ◊ ) − Ωj ◊ = 0

(14)

and

where the upper indices L and R refer to the values at x L and x R , respectively. The iterative
computational algorithm for any time step, suggested in [34], is based on the solution of the
system (9) with B and K estimated from the preceding iterative step, but with respect to the
unknown parameters c ◊ and j ◊ ; v is received by the numerical integration from (11), the
results of numerical integration in (10) must be carefully incorporated into (9). The moving
boundary conditions are needed for the determination of c ◊ and j ◊ (and consequently of c)
from (13) and (14) in each iterative step a posteriori.
The numerical experiments (making use of the original MATLAB- and MAPLE-based software code) with a purely substitutional Fe-rich (q=3, r=0) Fe-Cr-Ni system (whose complete
experimental description has been obtained from the Montanuniverität Leoben in Austria and
from the Institute of Physics of Materials of the Academy of Sciences of the Czech Republic
in Brno) for various fixed temperatures T between 1020 and 1080 K show that for steadystate simulation (neglecting c in (12) and the corresponding terms in all remaining relations)
predicts some positive constant velocity v decreasing with T . However, the temperature T
corresponding to v → 0 is not quite the same as that received for the sharp interface (assuming h → 0 ); this temperature has been validated indirectly by practical observations. The
time-dependent simulation is moreover able to predict the characteristics of the whole process
of phase transformation, including the sign changes of v and the possible convergence v → 0
in time. The time distributions of c (at least after some sufficiently long time) are typically
nearly constant from the rough view (connected with H ), but they can be recognized as rather complicated functions of x in the fine scale (connected with h ): this seems to be also the
reason why no reference to such other simulation software can be found in the literature.
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The above discussed numerical calculations generate reasonable results, but their interpretation using the two-scale (or other) homogenization approach is not available: we were not
successful to identify some size parameter with the needed ε → 0 and the derivation of some
relatively simple limit form of our integro-differential problem cannot be expected. This may
demonstrate certain limitations of the homogenization techniques, but also motivate their improvements and further development.
Acknowledgement. This research is supported by the Ministry of Education, Youth and
Sports of the Czech Republic, No. MSM 0021630511, DT7.
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Abstract
The paper reports a study on thermal properties of laminating films used for the production of
photovoltaic cells modules. The main attention is devoted to absorptive (reflective) and
emissive properties of various types of films used for the module encapsulation. The main aim
of encapsulation is the protection of photovoltaic panel against environmental damage
(humidity especially). However, the laminating films have also an influence on the electrical
behavior of the whole panel due to various working temperatures of individual photovoltaic
cells.
It is generally known that increasing the temperature of photovoltaic cell leads to a decrease
of its conversion efficiency. Therefore, the application of laminating films with small
absorption, high reflectivity, and good thermal conductivity and with high emissivity on the
rear (not illuminated) side causes a decrease of working temperature of photovoltaic panel
and thus an increase of produced power. This eventually leads to the shortening of investment
recovery time.
Key words: photovoltaic cells, thermal properties of materials, transient pulse method, thermo
vision
INTRODUCTION
The absorption of electromagnetic (thermal) radiation was studied with the use of
thermocamera Fluke TI55 and by means of the transient pulse method that enables to find out
thermal properties of bulk materials (specific heat, thermal diffusivity and thermal
conductivity). Thermal properties of defined system of bulk material were measured with and
without the application of a laminating film. The surface temperature distribution of the panel
was simultaneously monitored by thermocamera Fluke TI 55 during measurements.
EXPERIMENTAL SETUP
Thermocamera measurement
The quantitative study on thermal properties of laminating films was preceded by a
preliminary measurement of a photovoltaic panel composed of 8 photovoltaic cells. The
individual cells were covered by various laminating films from the rear side (see Fig. 1).
These laminating films types consisted of uni-color ones (white - F03, grey - F04 and black
F06) with varying surface finish (mat, glossy), transparent ones (F05, F08, F09) and bi-color
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ones (blue/white F07, black/white - F02). The black/white laminating film was not placed
under any photovoltaic cell.

Fig. 1 Settlement of photovoltaic panel
The photovoltaic panel was oriented so that heat dissipation was enabled from the rear side
(by conduction, convection and radiation). The steady temperature distribution on this panel
after the irradiation by two 500 W bulbs from the distance of 1 m was monitored by the
thermocamera Fluke TI 55 and is illustrated in Fig. 2.

Fig. 2 Thermograph of photovoltaic panel consisting of cells encapsulated in various
laminating films
The figure clearly depicts that the worst heat removal is from black and grey laminating film
(F06, F04), whose temperature is approx. 50 °C. On the contrary, the best heat removal is
from the transparent laminating films (F08, F09 and F05) whose temperature is approximately
35 °C.
Fig. 3 illustrates the situation when two photovoltaic cells were laminated by the same bicolour laminating film in different orientation. On the left side, the film was placed so that its
blue side (wb) is in touch with the photovoltaic cell and the white side is on the the surface.
On the contrary, the laminating film orientation is reversed on the right white of the image
(bw). It is evident that the temperature of the cell is higher in the second case because the
emissivity of the white surface is bigger than the emissivity of the blue surface.

Fig. 3 Thermograph of two photovoltaic cells with different blue and white laminating film
orientation (F07): left the white side is facoing out (wb), right vice versa (bw).
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Pulse transient method measurement
The experiment setup for measurement by means of transient pulse method is illustrated in
Chyba! Nenalezen zdroj odkazů. right. Heating caused by the irradiation of the sample (see
Fig. 4 left) was simulated by surface thermal source, poly(methylmethacrylate) (PMMA) was
used for heat removal from the laminating film (much like during previous experiment). Glass
was replaced by PMMA from the frontal side where the temperatute was measured.

Fig. 4 Arrangement of photovoltaic cell and sample for transient pulse method measurement
The setup of the transient pulse method measurement is illustrated in Fig. 5, [1], [2]. Heating
of surface thermal source is caused by defined current pulse. Measurement is usually
conducted for various widths of pulses (t0) and various powers P = U I. Temperature sampling
is carried out by a NiCr-Ni thermocouple (for chosen experiments in combination with the
thermocamera).

Fig. 5 Principle of measurement by means of pulse transient method
The aim of measurement was to compare thermal parameters of PMMA system without
laminating films and with intermediate laminating films. It is possible to judge the suitability
of laminating films for the application on photovoltaic panels from changes of thermal
parameters (specific heat, thermal conductivity, and thermal diffusivity).
EXPERIMENTAL RESULTS
Measured response recorded by transient pulse method is illustrated in Fig. 6. It is evident
from the figure that samples without use of laminating film (PMMA) have bigger maximum
response temperature change than samples utilizing the laminating films.
There are negligible differences in the response temperature change of samples utilizing
laminating film placed on one or both sides of heat source which is in and contradiction with
thermographic record (Fig. 3).
By detailed analysis discussed later we found out that variations in responses really do exist.
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Fig. 6 Transient responses of studied samples: a) without laminating film (PMMA) b) with
single blue and white laminating film (F07), see Fig. 4 right (bw, wb) and with two
laminating films from both sides (wb-bw, bw-wb)
The dependence of thermal response ΔT on time t upon heat energy input Q = U I t0 into the
sample with thickness h (it equals to the distance of the thermocouple from the heat source)
derived by means of the pulse transient method can bed describe by the relation
⎛ h2 ⎞
Q
⎟⎟ ,
ΔT =
⋅ exp⎜⎜ −
cp ρ (4π a t ) ( E − D ) / 2
4
a
t
⎠
⎝

(1)

where a is thermal diffusivity, cp specific heat and ρ is material density. Parameters D a E are
determined by experimental setup: for planar heat source D = 2, for heat expanding in three –
dimensional space is parameter E = 3, [3], [4] and [5]. Thermal conductivity can be
determined from these parameters: λ = cp ρ a .
From the derivation of dependence of thermal response on the time
∂ log ΔT ⎛ D − E h 2 ⎞
⎟⎟ = 0
= ⎜⎜
+
∂ log t
at
2
4
⎝
⎠

(2)

it is possible to determine the thermal diffusivity of material being investigated
a=

h2
h2
=
,
2t m f a 2( E − D)t m

(3)

In this relation, the parameter fa characterizes setup of experiment, deformation of heat field
respectively. This coefficient is for ideal planar setup and heat transfer into the space (E = 3,
D = 2) equal to one.
It is also possible to determine specific thermal capacity

Q
cp =
ρ ΔTm h E − D

⎛ E−D ⎞
⎟⎟
⋅ ⎜⎜
⎝ 2π exp(1) ⎠

(E − D) / 2

(4)

and thermal conductivity of material under investigation
Q
λ=
2( E − D )ΔTm t m h E − D − 2

⎛ E−D ⎞
⎟⎟
⋅ ⎜⎜
⎝ 2π exp(1) ⎠

from maximal value of change of temperature ΔTm..
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DISCUSSION

First, the parameters of the system were determined from the measurement of PMMA
responses (Fig. 6), i.e. values of the thermal diffusivity, thermal conductivity and specific
heat. Results obtained from the measurements of sample with average R = 3 cm and thickness
h=6.0 mm correspond to values that are reported in literature: density of material under
investigation (PMMA) is: ρ = 1184 kg.m–3, thermal diffusivity a = 1.12 · 10–7 m2.s–1, specific
heat cp = 1450 J.kg–1.K–1 and thermal conductivity λ = 0.193 W.m–1.K–1.
After inserting the laminating film from one (or both sides), the thermal properties of the
system will be different because of different way of heat dissipation.
Maxima of responses will be shifted to lower (or higher values); maximal values will be lower
(how it is evident from Fig. 6).
If we analyze these changed characteristics, we will obtain different values of thermal
parameters than in the case of PMMA.
By comparing these values with values obtained for PMMA, it is possible to determine
changes of heat conductivity and specific thermal capacity of the system. This is illustrated at
following figures (Fig. 7 and Fig. 8)
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Fig. 7 Relative changes of thermal conducttivity of the system consisting of PMMA and
laminating films in view of PMMA itself (F01)
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Fig. 8 Relative changes of specific thermal capacity of the system consisting of PMMA and
laminating films in view of PMMA itself (F01)
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As far as the thermal conductivity is concerned, suitable properties are demonstrated by
samples placed left of the sample F01. After their application, these materials caused
expansion of samples’ thermal conductivity. From the specific heat viewpoint, suitable
materials seem to those that caused its reduction.
The most suitable materials are transparent films F02 and F05. Another suitable adept for
application to photovoltaic panels is also transparent film F07, which caused a prominent
decrease of specific heat whereas the thermal conductivity did not change at all in comparison
to PMMA.
CONCLUSIONS

Modified transient pulse method was applied for experimental data evaluation. This method
describes general behavior of thermal properties of materials as fractal structures. Dependence
of fractal parameter D characterizing non-homogeneous distribution of temperature in
material (in E-dimensional space) depending on the distance from heat source and time was
determined by using of space-time fractal theory.
Results of theoretical model were verified by measurements of real systems with encapsulated
photovoltaic cells. Laminating films suitable both in terms of thermal conductivity (being
bigger than conductivity of the system without laminating film - sample F01) and also in
terms of specific heat (being smaller than the specific heat of the system without laminating
film - sample F01). Transparent laminating films F05, F08, F09 have these properties, as
illustrated in Fig. 7 and Fig. 8. Resulting knowledge will lead to optimization of photovoltaic
modules construction with respect to heat dissipation in real conditions.
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Abstract:
The linear thermal expansion coefficient of two alkali-activated slag concretes
produced from ground granulated blast furnace slag in the temperature range
up to 1000°C is measured in the paper. Experimental results show that from the
point of view of volumetric changes, both investigated alkali-activated slag
concretes exhibit satisfactory response to high-temperature exposure up to
1000°C.
Keywords:
Aluminosilicates, high temperatures, linear thermal expansion coefficient

INTRODUCTION
Alkali-activated slag concrete was intensively studied over the past two decades as a
promising alternative to Portland-cement based composites. The unique combination of high
strength, considerable fire resistance and good chemical resistance which are characteristic for this
type of materials attracted many investigators active in materials science, chemical engineering and
civil engineering.
Mechanical properties were the most frequently investigated parameters of alkali-activated
slag concrete, similarly as in the case of Portland-cement composites. They were analyzed both in
room-temperature conditions and after high-temperature exposure. Other parameters such as hydric
properties, chloride diffusion or thermal properties were studied only rarely. Volumetric changes of
alkali-activated aluminosilicates were studied mostly in hydration stage as their drying and
autogenous shrinkage was always considered a serious threat. Length changes at elevated
temperatures were studied for several types of geopolymers only and in all cases remarkable
thermal shrinkage (up to 20%) was observed.
In this paper, the linear thermal expansion coefficient of two alkali-activated slag concretes
produced from ground granulated blast furnace slag in the temperature range up to 1000°C is
measured.

METHOD FOR DETERMINATION OF LINEAR THERMAL EXPANSION COEFFICIENT
Thermal expansion of solid materials in high-temperature range is measured by commercially
produced dilatometers mostly. Various treatments are employed, for instance the methods based on
variations of electric resistance, capacitance, inductance, or the interference methods. However, the
applicability of many common methods which work with small specimen dimensions may be rather
limited for building materials which are mostly nonhomogeneous. Therefore, the comparative
method proposed by Toman et al. [1] which was used for various building materials in the past was
employed for the measurements in this paper. As some modifications of the experimental setup
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were done to bring the original method up to date we will give a brief description of the method in
what follows.
The measuring device for determining the linear thermal expansion of porous materials in the
high temperature range is based on the application of a comparative technique (see Fig. 1). A bar
sample of the studied material is put into a cylindrical, vertically oriented electric furnace. As it is
technically difficult to perform length measurements directly in the furnace, a thin ceramic rod,
which passes through the furnace cover, is fixed on the topside of the measured sample. The length
changes can be determined outside the furnace in this way, for instance by a digital dial indicator,
but on the other hand, the temperature field in the ceramic rod is very badly defined, and it is not
possible to determine directly, which part of the total change of length is due to the measured
sample and due to the ceramic rod.

Figure 1 Scheme of the measuring device for determination of high temperature linear thermal
expansion coefficient, 1 - furnace shell (thermal insulation), 2 - furnace cover, 3 - heating coil, 4 –
standard, 5 - measured sample, 6 - ceramic rods, 7 – digital dial indicator, T1-6 – thermocouples

Therefore, the measurement is performed at the same time on the sample of a standard
material (such as special steels where the α(T) function is known) which is put into the furnace
together with the studied material and is provided with an identical ceramic rod passing through the
over. The change of length of the ceramic rod can be determined in this way, and consequently also
the length change of the measured sample.
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It should be noted that temperature field is not constant in the whole volume of the furnace
due to the differences of heat loss in the heated walls and in the cover. Therefore, temperature field
in the furnace is measured by thermocouples, and an average value of temperature is considered in
α calculations.
A practical measurement of the linear thermal expansion coefficient of a porous material with
the device proposed in the previous section can be described as follows. The measured sample and
the standard are put into the furnace, provided with contact ceramic rods, and the initial reading on
the dial indicators is taken. Then, the electric heating regulation system is adjusted for the desired
temperature Ti in the furnace, and the length changes are monitored. The data acquisition from the
digital dial indicators is done on PC using specially developed software. After the steady state is
achieved, i.e., no temperature changes in the furnace and no length changes of both measured
sample and the standard are observed, the final readings of length changes are taken. The length
change of the measured sample is calculated from the following formula:
∆l (Ti ) = ∆lm (Ti ) − ∆ls (Ti ) + lo , s ∫ α s (T )dT
Ti

(1)

To

where ∆lm , ∆ls are the final readings of total length changes of the studied material and of the
standard including the length changes of the ceramic rods, respectively, lo , s is the initial length of
the standard, and α s is the known linear thermal expansion coefficient of the standard. The
corresponding value of thermal strain can be expressed in the form:

ε (Ti ) =

∆l (Ti )
lo , m

(2)

where lo , m is the initial length of the measured sample.
The measurements are then repeated with other chosen values of furnace temperature Ti ,
and the α (T ) function of the measured material is determined using the definition relation

α=

d (l lo ) dε
.
=
dT
dT

(3)

MATERIALS AND SAMPLES
Two composite materials on the basis of alkali activated slag were investigated. They
differed in the type of aggregates. The first aggregate type was quartz sand (this material will be
denoted as NS in what follows), the second electrical porcelain (EP). Fine-ground granulated blast
furnace slag of Czech origin (Kotouč Štramberk, Ltd.) was used for sample preparation. Its
chemical composition is shown in Table 1, its granulometry in Table 2.
Table 1 Chemical composition of applied slag
SiO2
[%]
38.6

Fe2O3
[%]
0.52

Al2O3
[%]
7.22

CaO
[%]
38.77

MgO
[%]
12.90

MnO
[%]
0.50
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Cl[%]
0.06

Na2O
[%]
0.21

K2O
[%]
0.38

SO3
[%]
0.36
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Table 2 Slag granulometry
Sieve residue

Specific surface

0.045 mm
[%]
12.4

0.09 mm
[%]
1.9

[cm2/g]
3920

As alkali activator, water glass solution (Na2O . xSiO2 . yH2O) was used. It was prepared
using Portil-A dried sodium silicate (Na2SiO3) preparative (Cognis Iberia, s.l. Spain). The quartz
sand aggregates were normalized according to ČSN EN 196-1 with the granulometry given in Table
3. Electrical porcelain was provided by P-D Refractories CZ, Velké Opatovice. Its porosity was
0.3%, water absorption at saturation 0.1%, bulk density 2350 kg/m3. Chemical composition of the
electrical porcelain is given in Table 4, its granulometry in Table 5.
Table 3 Sand granulometry
Sieve mesh [mm]
Total sieve residue (%)

2 1.6 1.0
0.5
0.16 0.08
0 7±5 33±5 67±5 87±5 99±1

Table 4 Chemical composition of electrical porcelain
SiO2
[%]

Fe2O3
[%]

Al2O3
[%]

CaO
[%]

MgO
[%]

Na2O
[%]

K2O
[%]

TiO2
[%]

48.6

0.8

45.4

0.3

0.2

1.0

2.9

0.7

Table 5 Electrical porcelain granulometry

Total sieve
residue [%]

Sieve mesh
4.00 2.50
[mm]
0-1 mm
fraction
1-3 mm
- 4.12
fraction
3-6 mm
69.31 95.52
fraction

1.00

0.50

0.25

0.125

0.090

0.063

0.045

0.69

45.24

70.76

89.98

93.4

98.99

99.99

78.33

99.57

99.94

99.94

99.95

98.98

100.00

99.97

99.98

99.99

100.00

-

-

-

The composition of mixtures for sample preparation is presented in Tables 6a, b.
Table 6a Composition of the mixture with quartz sand aggregates for sample preparation
Sand [g]
PG1
450

PG2
450

Slag
[g]
PG3
450

Alkali-activation silicate
admixture
[g]
90

450
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[ml]
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Table 6b Composition of the mixture with electrical porcelain aggregates for sample preparation
Electrical porcelain [g]

Slag
[g]

0-1 mm
fraction

1-3 mm
fraction

3-6 mm
fraction

450

450

450

450

Alkaliactivation
silicate
admixture
[g]
90

Water
[ml]

190

The technology of sample preparation was as follows. First, the silicate preparative was
mixed with water. The solution was then mixed in the homogenized slag-aggregate mixture. The
final mixture was put into molds and vibrated. The specimens were demolded after 24 hours and
then stored for additional 27 days in a water bath at laboratory temperature. The dimension of the
specimens was 40 x 40 x 100 mm. Three specimens for each mixture were used for the
measurement of linear thermal expansion coefficient.

EXPERIMENTAL RESULTS AND DISCUSSION
Fig. 2 shows the measured thermal strain of both studied materials as function of
temperature up to 1000°C.
1.20E-02

thermal strain [-]

1.00E-02
8.00E-03
6.00E-03
4.00E-03

NS

2.00E-03

EP

0.00E+00
0

100

200

300

400

500

600

700

800

900

1000

temperature [C°]

Figure 2 Thermal strain of analyzed materials as function of temperature

The ε(T) functions of both materials were increasing in the whole temperature range so that
no thermal shrinkage was observed up to 1000°C, contrary to the results obtained by several
investigators for geopolymers [2-4]. This difference is apparently a consequence of the presence of
aggregates in the alkali-activated aluminosilicate composites studied in this paper which caused
thermal expansion mismatch in the material (the gel undergoes thermal shrinkage, the aggregates
expand with increasing temperature); the materials analyzed in [2-4] were pastes. This statement
can be supported by the investigations in [5] where for Portland cement mortar thermal expansion
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was observed in the whole studied temperature range of 20 to 500°C while cement paste underwent
thermal shrinkage for temperatures higher than 150°C.
The linear thermal expansion coefficients calculated using the ε(T) functions from Fig. 2 are
presented in Fig. 3 which makes possible to analyze the effect of temperature increase on length
changes of both studied aluminosilicates in more details. The α(T) functions were increasing in the
lower-temperature range, for NS up to approximately 400°C, for EP to 300°C. Then the linear
thermal expansion coefficient of NS began to decrease so that at 800°C it had similar value as at
room temperature, and finally in the temperature range of 800°C to 1000°C it was almost constant.
On the other hand, the α(T) function of EP was only slightly decreasing in the temperature range of
300°C to 700°C, and then it decreased faster so that at 1000°C it was similar as at room
temperature.

linear thermal expansion
coefficient [K -1]

1.60E-05

NS
EP

1.20E-05

8.00E-06

4.00E-06

0.00E+00
0

200

400

600

800

1000

1200

temperature [C°]
Figure 3 Linear thermal expansion coefficient of analyzed materials as function of temperature

The differences between the α(T) functions in Fig. 3 can be explained by the different
behavior of the two materials used in the studied aluminosilicate composites as aggregates after
their exposure to elevated temperatures. Electrical porcelain is characterized by low linear thermal
expansion coefficient (6-8 · 10 -6 K-1 in average) and no sudden volumetric changes in the
temperature range up to 1000°C [6, 7]. Quartz, on the other hand, is subject of displacive phase
transition from α (low) to β (high) modification at 573°C [8]. The different quartz forms differ also
in their structural response to increasing temperatures. While the thermal expansion coefficient of
α-quartz is positive (18 · 10 -6 K-1 in average, calculated using the data in [8] and [9]), it was found
that β-quartz does not exhibit any significant thermal expansion from 573°C up to 1000°C [8, 9] or
possibly it even undergoes thermal shrinkage [10]. Thus, the electrical porcelain aggregates had
clearly better prerequisites to compensate for the thermal shrinkage of aluminosilicate gel than
quartz sand, in the temperature range of 573°C to 1000°C in particular. The more convenient
thermomechanical behavior of the aluminosilicate composite with electrical porcelain aggregates
was probably also the main reason for its much slower decrease of strength with increasing
temperature (as compared with the analogous composite with quartz sand aggregates) observed in
the measurements of compressive and bending strength in [11] and [12].
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A comparison of results obtained for alkali-activated aluminosilicate composites in this paper
with the thermal expansion properties of other types of cementitious composites can be done in a
limited extent only as very few results were published until now. In [5], the total thermal strain of
cement mortar at 500°C was approximately 9 · 10-3. This was 20% higher than for the
aluminosilicate with quartz sand in this paper and almost 40% higher than for the material with
electrical porcelain aggregates. The α(T) functions determined up to 1000°C for cement mortar in
[1] and for high performance concrete in [13] were similar in shape to the aluminosilicate material
with quartz sand but 20-50% higher in the whole temperature range. As lower thermal strain
generally results in lower thermal stress, thus in lower risk of failure of a building element subjected
to one-sided heating, the thermomechanical behavior of the aluminosilicates studied in this paper
can be characterized as mostly better than of Portland cement based composites.

CONCLUSIONS
The experimental results obtained in this paper showed that among the two analyzed alkaliactivated aluminosilicate composites with different aggregate type, the material with electrical
porcelain aggregates was found a more convenient solution from the thermomechanical point of
view than a similar material with quartz sand. This was a consequence of better high-temperature
volumetric stability of electrical porcelain which is characterized by low linear thermal expansion
coefficient and no sudden volumetric changes in the temperature range up to 1000°C while quartz is
subject of displacive phase transition from α to β modification at 573°C and in addition, the
different quartz forms differ also in their structural response to increasing temperatures.
Nevertheless, from the point of view of volumetric changes both investigated alkaliactivated aluminosilicate composites exhibited satisfactory response to high-temperature exposure
up to 1000°C. The linear thermal expansion coefficient of both studied materials was in the whole
temperature range of 20-1000°C significantly lower as compared to Portland-cement based
composites but no thermal shrinkage was observed. This makes good prerequisites for the
applications in building industry where elevated temperatures may be expected, such as walls and
floors adjacent to various heat machines, pipes or chemical process vessels, envelopes or linings of
special vessels such as coal gasification vessel, nuclear safety related structures in nuclear power
plants, tunnel or shaft walls and fire-protecting linings.
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